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ON A REFINED STARK CONJECTURE 
FOR FUNCTION FIELDS 


Cristian D. Popescu 

Abstract. We prove that a refinement of Stark’s Conjecture formulated by Rubin 
in [14] is true up to primes dividing the order of the Galois group, for finite, abelian 
extensions of function fields over finite fields. We also show that in the case of 
constant field extensions a statement stronger than Rubin’s holds true. 


0. Introduction 

Let Lj^/f^{s,x) be the Artin L-function associated to a finite, Galois extensions of 

global fields K/k, and a character x £ G{K/k). In the 1970’s and early 1980’s, 
Stark [15] developed a conjectnre concerning the leading coefficient of the Taylor 
expansion of x), at s = 0. The classical formnlae for the case of a Dedekind 

Zeta-fnnction provide good hints: if the order of vanishing is r, then the coefficient 
in qnestion shonld be a rational nnmber mnltiplied by a regnlator, obtained as a 
determinant of an r x r matrix involving character values and logarithms of absolute 
values of units in K. 

The examples however suggest that at least in the case of abelian L-functions, the 
denominator of the above mentioned rational number could be specified. In the last 
paper of [15], Stark proposed a refined conjecture, which makes this denominator 
specific, in the case of abelian L-functions of order of vanishing r = 1 at s = 0. 
This is what Tate (see [16]) calls a conjecture “over Z” and he asks for such a 
refined statement for abelian L-functions of any order of vanishing r. In [14] Rubin 
formulates a refined version of Stark’s conjecture, for abelian L-functions of number 
fields, of any order of vanishing r at s = 0. Rubin’s statement can be easily extended 
to the more general case of abelian extensions of global fields of any characteristic. 

In this paper we study Rubin’s conjecture in the case of finite, abelian extensions 
of global fields of characteristic p > 0 (i.e. function fields). The case r = 1 in this 
situation was independently solved by Deligne (see [17, Chpt.V]) and Hayes (see [6]), 
with methods relying on £-adic homology of 1-motives and rank 1 sign-normalized 
Drinfeld modules respectively. We adopt methods similar to Deligne’s in order to 
treat the arbitrary order of vanishing case. 

In §1 we set the notation, define the objects involved and some of their properties, 
and state the conjecture. §2 is concerned with the “dynamics” of Rubin’s conjec¬ 
ture. In particular we show that, in certain cases, one can derive the conjecture 
at any level r from a stronger form of the conjecture at level r = 0 (see Corollary 
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2.2). This fact turns out to be of crucial importance in §§3 and 4. In §3 we prove 
Rubin’s conjecture, up to primes dividing the order of the Galois group G{K/k), 
for any abelian extension K/k of function helds (see Theorems 3.1.1 and 3.2.1). In 
§4 we prove that a stronger statement than Rubin’s holds true for constant held 
extensions of function helds (see Theorems 4.2.9 and 4.3.1). 

We use these results in [13] in order to formulate and prove Gras-type Gonjec- 
tures for global helds of characteristic p > 0. 

The main technique employed in this is the £-adic homological (or, equiva¬ 
lently, the Gadic etale cohomological) {I ^ p) interpretation of L-functions, due 
to Grothendieck. However, in order to deal with the p-part of the conjecture, we 
had to rely on the p-adic homology groups, which are known not to give a good 
theory of L-functions. Therefore, we needed a “bridge” between the £-adic etale 
and the p-adic etale cohomology theories, and that is provided by the crystalline 
cohomology theory. The fact that the Frobenius actions on the Gadic etale and 
the crystalline cohomology groups have the same characteristic polynomials has 
been known for quite some time (see [8]). However, we needed the slightly stronger 
statement that the characteristic polynomials of the Frobenius actions on the y- 
components of the £-adic etale and crystalline cohomology groups are the same, 
for every character y of G{K/k). Due to lack of a good reference, we provide a 
proof of this fact (see Proposition A.l) along with a proof of Theorem 1.7.4.1, in 
the Appendix. 

Acknowledgements. It is a pleasure to thank Karl Rubin for his invaluable 
help and support. Our approach to this problem has been greatly influenced by his 
published and unpublished thoughts and by John Tate’s book [17]. 

1. The objects involved and their properties 

1.1. GENERAL NOTATION 

Let us £x a function held k of characteristic p > 0 and of transcendental degree 
1 over a hnite held. Let AT be a hnite, abelian extension of k, of Galois group 
G = G{K/k), and let g = |G|. We denote by and the exact helds of 
constants of k and K respectively, where g is a power of p, and n is a positive integer. 
For primes v in k and w in AT, such that w\v, we denote by Fq(u) and by Fq,^{w) 
their corresponding residue helds, and by dy and their degrees over Fg and 
respectively {dy = [Fq(u) : Fg] and dyy = [Fg.^(r(;) : Fg.^]). Let Nu = |Fg(u)|, 
Nw = |Fg.-(r(;)|, and let Gy be the decomposition group associated to v in K/k . 
The normalized absolute value | : AT^ i—> associated to w is dehned by: 

for every a E K. 

Let S and T be two hnite, nonempty and disjoint sets of primes in k, S containing 
all primes which ramify in K/k. Let us dehne: 

• Sk = {primes in K lying above primes in A} 

• Tk = (primes in K lying above primes in T} 
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• Os = {a E K : \a\w < 1, for all w ^ Sk} 

• Us = Og (the group of 5'-units in K). 

• Us,T = {a eUs '■ Oi = 1 mod w, for all w E Sk} (This is a free Z-module.) 

• As = the ideal class group of Os 

{Fractional ideals of O 5 , prime to Tk} 

• As,t = -777:;- 7 -1-^ ^ rr. 1 -• ^s,T IS a hmte ideal class 

ijOs : / = 1 mod w, vw E Ik} 

group, isomorphic via the Artin reciprocity map with the Galois group of the max¬ 
imal abelian extension of AT, of conductor dividing {([ w, in which all primes in 

wETk 

Sk split completely. 

• Xs { Ojw ■ IF . el'll] ^ Clii] 0{ 

weSk weSk 

• Xs,T ■ Us,T —^ the G-morphism dehned by 

As,T(a) = ^ -fog(|aU) ■ «;, 

weSk 


for any a E Us,t- This induces an R [G]-isomorphism R ® Us,T —^ R- G Xs- 
• Rs,t is the absolute value of the determinant of Xs,Tj with respect to Z-bases 
of Us,T and Xs- 

There is an exact sequence of Z [G]-modules: 

0 —> Us,T —^ Us —> ^ Fq,^{w)^ —> As,t —^ As —^ 0 , ( 1 ) 

wETk 

which, together with the usual class-number formula, implies that, if 
Cs,t{s)= n (l-N«;-^)-fo n (I-Nif^-^) 

w^Sk wETk 

is the {S, T)-zeta function associated to K, then: 

ords=oCs,T('S) = |5 'a| - 1 , lini ■ Rs,t- (2) 

s—^0 

(see [4] for (1) and (2) above) 


1.2. THE L-FUNCTIONS 

For any x E G, 
-- 1 /^ E x(t) ■ 

uEG 

xeG 


Let G be the group of irreducible, complex valued characters of G. 
T(s, x) will denote the Artin L-function associated to x? and = 

a~^ E C[G]. The Stickelberger function is dehned by: 
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and it can be thonght of as a complex meromorphic fnnction, with valnes in C [G]. 

Rather than working with the L and Stickelberger fnnctions as dehned above, 
Rnbin [14] works with the {S, T)-modihed objects, dehned by: 

ls,t{s, x)= n 

vET vgS 


0s,t(s) = ^ Ls,t{s, x) ■ e^-1, 

xeG 

where is the Frobenins morphism associated to (the nnramihed) v in G. Dne to 
the conditions imposed on S and T, L5 ^(s, x) and 05 ,t('S) are holomorphic on the 
whole complex plane. For an integer r > 0, snch that s~'^Qs,t{s) is holomorphic 
at s = 0, let 

®st(0 ) = lim s-^Ls,t{s,x) 

xeG 

For S and T hxed, and x G G, let = ords=o.b5^T('S, x)- 
depend on T, bnt they depend on S in the following way: 

#{n e *5 : xIg, = IgJ, ifx^ 

#*5-1, ifx = 

or eqnivalently (and more elegantly) 

= (X, Xxs), for all x e G, (4) 

where xxs is the character associated to the Galois representation pxg given by 
the C [G]-modnle C G Xs, and (, ) is the nsnal inner prodnct on the space of 
characters G. (see [17] for (3) and (4) above.) 

1.3. GROUP RINGS AND G-MODULES 

For a snbring R of C, and a Z [G]-modnle M, R [G] denotes the gronp ring with 
coefhcients in R, and RM denotes the R [G]-modnle R Gz M. For x ^ G, R[x\ 
denotes the minimal ring extension of R, containing the valnes of x- 

If L is a held of characteristic 0, then G(L) will denote the set of characters 
associated to L-irredncible representations of G. (In particnlar, if L = C, then 
G(C) = G.) If L is an algebraic closnre of L, then G {L/V) acts canonically on 
G(L) and G(L) can be viewed as the set of orbits with respect to this action. For 
tj; G G(L) and x ^ G{L), we write x|# if X belongs to the orbit represented by #. 
If S and T are hxed, (3) above implies that = r^-r, for any x ^ G{L), and any 



e^-i G C[G]. 


These nnmbers do not 


1g 

1g, 


(3) 
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r G G{L/L). We can therefore define as = r^, for any '0 G G{L) and any 
X G G{L), snch that xl'0- 

If r is a positive integer and S is fixed, let G{L,r) = {'0 G G{L) : rp = r}. If R 
is a ring whose field of fractions is L, and M is an R [G]- modnle, let 

Mr,s = {ill G M : ■ m = 0, for all '0 G G{L) \ G(L,r)}, 

where = 1/g '^(t) ■ This is obvionsly an i? [G]-snbmodnle of M. 

aeG 


Remark 1. Let R be a Dedekind domain containing Z [ 1 /( 7 ], and let L be its field 
of fractions. Then one has a decomposition 

fl|G]= 0 D*. 

ipeG{L) 

where = R[G]-e^. The D^'s are finite extensions of R (and therefore Dedekind 

domains themselves), and GG, R[x] via the map R[G] —^ Rix]? defined as 

x( X] ■ t) = ^ ao-x(T), for any x ^ G{L), xliA- This implies that, if M is an 
creG <t6G 

R [G]-modnle, then one can decompose it into its '^-components 

M = 0 , 

i^eG{L) 

where = M = {m G M : ■ m = 0 in LM, if x t For a finitely 

generated R [G]-modnle M, the following are therefore eqnivalent: 

(f) M is a projective R [G]-modnle. 

{ii ) is a projective D^-modnle, for any tp. 

(in) has no -torsion, for any ip. 

[iv) M has no R-torsion. 

1.4. FITTING IDEALS 

If A is a commntative, Noetherian ring, and M is a finitely generated A-modnle, 
then FittA(Af) denotes its Fitting ideal. If 

. 0 

is a finite presentation of M, one can consider the composition of A-morphisms 


A A" 


^ A A^ 


det 


A. 
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By definition, we have FittA(Af) = Ini(det o A (/>). 

We will nse the following properties of Fitting ideals: 

(a) If M is a cyclic A-modnle then FittA(Af) = Annyi(M). 

(b) If A S is a morphism of Noetherian rings, and M is a hnitely generated 

A-modnle, then FittB(M0i?) = /(Fitt^(M))i?. 

A 

(c) If i? is a Dedekind domain, M is a hnitely generated R [G]-modnle, and 
a G -R [G], then 

a e Fitti^[G](M) a e Fittjj^[G](M(^ Ra), VA, 

R 

where A rnns throngh the set of prime ideals of R. 

(d) If A is a hnite, direct snm of Noetherian rings A = 0 Aj, N = 0 W is an 

i i 

A-modnle, with W —^ A'^% for some positive integers n^, and 

/=© fi 

iV = 0iV*-^iV = 0iV^ 

i i 

is an exact seqnence of A-modnles, then det(/) ^detAi(/i) G Fitt^(M). (Here 

i 

det^^(/i) is the determinant of fi with respect to an Ai basis of W-) 

Let 0 — M' —M — M" —> 0 be an exact seqnence of hnitely generated 
A-modnles. Then: 

(e) FittA(M') ■ FittA(M") C FittA(M) C FittA(M"). 

(f) If A is a Dedekind domain and M, M' and M" are hnite, then 

FittA(M) = FitU(M') ■ FitU(M") and [A : FitU(M)] = \M\. 

In particnlar, if A = Z, then Fittz(-Tf) = \M\ ■ Z. 

(g) If A = Z [G], and G is cyclic, then FittA(-Tf) C Fitt^(M'). 

Proofs for all the properties above, except (c) and (d), can be fonnd in the 
Appendix of [9]. (c) is a conseqnence of (b), and (d) follows easily from the dehnition 
of the Fitting ideal. 


1.5. THE MODULES Xg, Ug t AND A 


S,T 


Let K/k, S, T he as above, and let r be a positive integer. From now on we are 
going to assnme that the set of data (R//c, S', T, r) satishes the following extended 
set of hypotheses: 

S ^ 0, T ^ 0, SnT = 0. 

S contains all primes which ramify in K/k. 

S contains at least r primes which split completely in K/k. 

|S| >r + l. 

Hypotheses (H) imply that, for any x ^ G, we have > r (see (3) above) and 
therefore ©^^^(O) G C [G] makes sense. From the dehnitions , we have ©^^(O) G 
C [G], 


(H) 


,s- 
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Let us choose an r-tuple (ui,... ^Vr) of r distinct primes in S', which split com¬ 
pletely in K/k. Let us hx hL = (wi,..., where Wi is a prime in K lying above 
Vi, for any 1 < f < r, and let w G Sk, such that w for any 1 < f < r. 

All the exterior powers considered in this paper are over Z [G], unless otherwise 
specihed. We will be interested in the Z [G]-modules AUs,t and AXs- Let x = 

r 

{wi — w) A ■ ■ ■ A {wr — w) E A Xs- 

Lemma 1.5.1. Let R be a discrete valuation ring, or a field, containing Z [1/g], let 
L he its field of fractions and let i? [G] = 0 be the direct sum decomposition 

ipeGiL) 

described in Remark 1 §1.3. Then 

(1) RUs,t RXs —^ 0 } n-5 R[G]-modules. 

iteG{L) 

(2) (raUs,t] —^ (raXs) as R[G]-modules. 

(3) = 

Proof. (1) is a consequence of Remark 1, §1.3 , equality (4) and the fact that 
IlUs,T and RWg are isomorphic as R [G]-modules (see §1.1). 

(2) and (3) follow from Remark 1, §1.3 and Lemma 2.6 of [14]. □ 

For every fii,... ,(f>r G Hom2;[G] Z [G]), one can dehne a Q [G]-morphism: 

Q A Us,T Q [G] 

r 

by letting fii A - ■ ■ A (j)r{ui A - ■■ AUr) = det{(f)i{uj)), for every ui A - ■ ■ AUr E A Us,t- 

i,j 

r 

Definition 1.5.2. Let As,t be the Z [G]-submodule of Q A Us,t dehned by: 


As,t = 



Q A Us,T 


r,S 


A ■■■ A E Z [G] , 

..., G Homz[G] (Gs,t, Z [G]) 


Lemma 1.5.3. The lattice As,t defined above satisfies the equalitites: 

( 1 ) Z[\lg]Ks.T = (zyilsAUs.r)^^. 

(2) Ifr^l, then As,t = {Us,t)i^s- 

(3) lfr = 0, then As,t = Z [Gj^ 5. 

Proof. See [14], Prop. 1.2. □ 


1.6. THE CONJECTURES 
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For every component Wi of the r-tuple W, chosen in §1.5, one can dehne a Z [G]- 
morphism: 

Xs ^ z [G], 

by dehning it hrst on 0 Zrc as 

wESk 


W*{w) = ^ CT, \/w e Sk, 


(t6G 

=W4 


and by taking the restricion to Xs- One obtains this way a C [G]-morphism 

CAXs C [G] , 

r 

dehned by A ■ ■ ■ A w*{xi A ■ ■ ■ A Xr) = det(r(;*(a:j)), Vxi A ■ ■ ■ A Xr E AXs- 

hj 

r 

Remark 1. If x = (rci — w) A ■ ■ ■ A {wr — w) is the element of AXs, dehned in 
§1.4, then A ■ ■ ■ A rc*(x) = 1, as one can easily see. 

Let 

^i-r) 

'^S,T 

C A Us^T ^ CAXs 

be the C [G]-isomorphism dehned by ^(-Ui A ■ ■ ■ AUr) = \s,Tiui) A ■ ■ ■ A\s,Tiur), 

r 

for every -ui A ■ ■ ■ A 'Ur ^ A Us,t- 

Definition 1.6.1. 

(1) The regulator map associated to the r-tuple W is dehned to be the C [G]- 
morphism: 

CAUs,t-^C[G], 

given by Rw = ('wj' A ■ ■ ■ A w*) o y. 

(2) For every y G G, we dehne 


C A Us,T -^ 


^ C 


by Rw,x = x° Rw- 

Remark 2. Let us observe that: 


R 


w\ 


C A Us,T 


: [CAUs^t 


C[G], 


is an isomorphism of C [G]-modules. Indeed, since A^ ^ is an isomorphism (Lemma 
1.5.1), all we have to check is that 


« A---AOI 


C A 


Xs) 


■,s 


CAXs 


r,s 


C[G] 


r,S 


is an isomorphism. Acording to Lemma 1.5.1 (3), |^C AXsj = C [G]^ g ■ x, and 
therefore our statement follows from Remark 1 above. 
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Conjecture A (“over Q”)(Stark, Tate). If the set of data {K/k, S,T,r) satis¬ 
fies hypotheses (H), then there exists a unique es,T ^ [Q ^Us,t) , such that 

Rw{^S,t) = 6»5^t(0)- 

Remark 3. As Rubin shows (see [14], Prop. 2.3), Conjecture A above is equivalent 
to Stark’s original conjecture “over Q” , for the L-functions associated to characters 
X C G(C,r). As Tate points out (see [17], Chpt.V), Stark’s Conjecture “over Q” 
is always true in the function held case. Therefore Conjecture A is a theorem in 
the setting we are considering in this paper. We will refer to Conjecture A as 
Q • St {K/k, S', T, r) in the sequel. 

The following is the rehnement Rubin [14] proposes for Conjecture A: 

Conjecture B (“over Z”) (Rubin). If the set of data {K/k,S,T,r) satisfies 
hypotheses (H), then there exists a unique es,T ^ Rs,t, such that Rw{^s,t) — 

Remark 4. If r = 0, this statement is equivalent to 05 ,t(O) G Z [G]q g (see Lemma 
1.5.3(3)). This was proved by Deligne in the function held case ( see [17], Chpt.V). 

If r = 1, as Rubin points out (see [14], Prop. 2.5), Conjecture B above, for a hxed 
S and for all T, is equivalent to Stark’s own rehned conjecture for all L-functions 
associated to characters x G G(C,r). In the function held case, this was proved 
independently and with very diherent methods by Deligne (see [17], Chpt.V) and 
Hayes [6]. (Also see [13 §3] for more details on the equivalence between Rubin’s 
Conjecture for r = 1 and the classical Brumer-Stark Conjecture.) 

The main goal of this paper is the study of Conjecture B above (which will be 
refered to as St (iC//c, S, T,r) ), for any value of r. 

Remark 5. Remark 2 above implies that the uniqueness of es,T in both Conjecture 
A and B is automatic, once one proves its existence in the appropriate vector space 
or lattice. 

1.7. GEOMETRIC BACKGROUND (see [17]) 

1.7.1 The correspoudiug schemes. Let Xi —Yi be a hnite morphism of pro¬ 
jective, irreducible, smooth curves, dehned over F^, corresponding to the inclusion 
k ^ K. Let F be an algebraic closure of F^ and let X = Xi x Spec(F), 

Spec(Fg) 

and Y = Yi X Spec(F) be the smooth, projective curves associated to Xi 

Spec(Fg) 

and Yi respectively, by extending scalars from F^ to F. Since Fg is algebraically 
closed in /c, /c 0 F is a held and, correspondingly, Y is an irreducible, smooth, 

F 
^ g 

projective curve, dehned over F. Since the algebraic closure of Fg in K is Fgi-, 
iX0F ^ 0 K^'^\ with mutually isomorphic helds. Correspondingly, 

Fq —1 
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X = U where the are irreducible, smooth, projective curves, de- 

0<i<u-l 

hned over F, whose helds of rational functions are the X(*^’s respectively. The 
X«’s are mutually isomorphic over F, and therefore their genera (7x(0 aie equal. 
We will denote the common value of these numbers by gx- We will also denote by 
the generic point of the scheme for every 0 < i < z/ — 1. 

Every a & G gives isomorphisms 

a~^ : K X , a~^ ® Ip : ® F K 0 F , 

which induce the isomorphisms 

cTx, : ^ , ax : W ^ W 

of Fg-schemes and F-schemes respectively. This way, G acts on the sets of points 
of X and it permutes the generic points transitively. We emphasize the fact 

that cTXiand ax are associated to a~^ G G. This way, if re is a prime in K, and 
[rc] is the associated closed point on the scheme Xi, then crxi([rc]) = [w^]- 

1.7.2 The geometric Frobenius. Let Fx, : Xi —Wi be the geometric Frobe¬ 
nius endomorphism of Xi, relative to Fg. If U is an affine open subset of Xi, then 
Txi \ u corresponds to the g-power map on the F^-algebra T (t/, Oxi), of [/-sections 
of the structural sheaf Oxi • 

Definition 1.7.2. Let 


F — Fxi X Ispec(F) : X -^ X 

Spec(Fq) 

be the Spec(F)-scheme morphism obtained from Fx^ by extending scalars to F. F 
is called the geometric Frobenius endomorphism of X relative to F^. 

Remark 1. F permutes transitively the generic points of W, and that 

F’^ hxes each of these. We can therefore suppose from now on that = 

F* for every 0<i<u-l. 

Remark 2. The simple fact that a{x‘^) = a{xY ,'ix G K ,'ia G G, implies that 
Fxi ocrxi = axi oFxi therefore, by extending scalars, Foax = (Jx°F, Va G G. 

1.7.3 The [— adic homology groups of X. We hrst give explicit descriptions of 
the homology groups {X, Z) of W, with coefficients in Z, and of the actions of 
G and of the geometric Frobenius map F on each of these. For any f > 0 and any 
a E G, we will denote by and F* j the maps induced on (W, Z) by a and F 
respectively. 

• R (W, Z) = 0 for i > 3. 
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• Ho {X, Z) = the free abelian group generated by ,0 < i < u — 1. 

The maps and F* o act on Hq (X, Z) by simply permuting the as 

described in §1.7.2. Remark 1 in §1.7.2 also implies that = 1ho(x,z)- 

• Hi {X,Z) = Pic°(X), where Pic®(X) is the Jacobian variety associated to 
X. We have Pic°(W) = ]J Pic°(W(*)), and each PicO(W(*)) is an irreducible abelian 

i 

variety, of dimension gx, whose underlying group is isomorphic to the quotient of 
the group of divisors of degree zero on X^'^\ by the subgroup of principal divisors: 


Pic°(W(^)) 


DivO (WW) 
{div(/) : / e 


Pic°(W) 


DivO (W) 

{div(/):/G 0 Rb)^}' 

i 


Here Div^ (W) is the group of divizors of multidegree zero on X, i.e. of degree zero 
if restricted to each component Wb). 

The maps and are naturally induced by the actions of a and F on the 
set of closed points of the scheme X. 

• H 2 {X, Z) = Ho {X, Z) 0F^, with a *,2 = cr*,o ® Ipx , and F *,2 = 7^*,o ® Tg, 
where F^ is the g-power map (Jq{x) = x^. 

If M is an abelian group and £ is a prime number, we give the following ad-hoc 
dehnition of the £-adic Tate module of M: 

f M (^Zg , if M has no Z-torsion 
— j , otherwise, 

V n 

where is the group of £"^-torsion points of M, and the projective limit is 

taken with respect to the multiplication by i maps ^ 

Definition 1.7.3.1. Let i be any prime number. The £-adic homology groups 
Hi (W, Zg) of X are defined by: 


R,{X,Zg)^Tg{R,{X,Z)), Vi>0. 


The Z-linear actions of G and F on H^ {X, Z) induce in a natural way Z^-linear 
actions on H,- (X, Zg). According to the definition above, we have: 

• H, (A,Z^) =0,Vi>3. 

• Hq (a, Zg) = Ho (W, Z) 0 Zjg is the free Z^-module generated by [Ab)j, for 
all 0 < i — 1 . 

• Hi (A, Zg) = Tg (PRO(A)) = 0 W (PicO(Ab))) AA Z^, where n = 2gx: if 

i 

£ 7 ^ p, and 0 < n < 2gx, if £ = p. 

• H 2 (A,Z^) Ho(A,Z^) 0W(F><). Since W(FX) = where 

= {^ G Fx : = 1}, we have Tg (F^) Afo if £ ^ p, and Tp (F^) = { 1 }. 

We therefore have H 2 (A, Zg) XX Hq (A, Z^), if £ 7 ^ p, and H 2 (A, Zp) = 0. It is 
worth noticing that the isomorphism H 2 (A, Zg) XX Hq (A, Zg) is G-equivariant, 
but not F*-equivariant. In fact, the action of F* 2 is taken into the action of q ■ F* 0 
by this isomorphism. 
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If £ is a prime number, and R is any ring containing Z^, then, by definition. 
Hi {X, R) = Hi {X, Z^) (3) R- In what follows, cr*^i and F* i will also denote the 

■Ze 

J?-hnear actions induced by a and F on Hi {X, R), for any f > 0, and any R as 
above. 

Remark 1. The Hi (X, Z^)’s as defined above are in fact the functorial duals of 
the etale cohomology groups H|^ {X, Zi) of X (see Appendix). 

1.7.4 Homological interpretation of 0 s,t('S). Let R be a commutative ring, 
and V a finitely generated projective R [G]-module. Let IT be a finitely gen¬ 
erated R [G]-module so that V Q W AG R[G]^, for some integer n > 0. Let 
/ G Endjj[( 2 ](T). If w is a variable, one can define the polynomial in u, with 
coefficients in R [G]: 

det^[G] il-f-u\V) = detfl[G] (1 - (/ © 0^/) ■ H © IT), 

where the determinant on the right is taken with respect to a basis of the free 
R [G]-module V © IT. Schanuel’s Lemma easily implies that this definition does 
not depend on IT. 

In particular, if R and L are as in Remark 1, §1.3, then one can consider the de¬ 
compositions R[G] = 0 Gp, and V = 0 T^, with free 

ipeGiL) peG(L) 

G.^-modules of finite rank. It is easy to see that, in this case, 

detij[G] {1 - f ■ u\V) = deto^ {l - f ■ u\ V^) , 

PeG(L) 

inR[G]['u]= 0 D^[u]. 

PeG(L) 

Remark 1. If R' is an R-algebra, T is a projective R-module, and 
/ G Endj^jG] (T), then V' = V is ^ projective R'[G]-module , 

/' = / © li?' e EndH/[G](T'), and detH/[G](l - f' ■ u\ V') = deti?[G](l - / ■ w| T). 

For every prime number £, and every i = 0,1,2, let 

Pi,£{u) detQ,[G] (1 - ■ u \R (X, Q^)) . 

The following theorem will play an important role in our future arguments. 
Theorem 1.7.4.1. For any f = 0, 1, 2 .• 

(1) Pi,pin) G Zp [1/g] [G] [u], and then Pi,i G Z [1/g] [G] [u]. 

(2) If £ p, then Pi,£{u) does not depend on £. 

Let Pi{u) Pi,£{u), for any £ ^ p. Then: 

(3) There exist polynomials Qi{u) G Zp [1/g] [G] [w], such that 

Pi{u) = Pi,p{u) ■ Qi{u ). 

(4) If K/k is a constant field extension, then Qiiu) G Zp [G] [n.]. 
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Proof. See Appendix. □ 

The link between the polynomials Pi{u) dehned above and the Stickelberger 
fu n ction 0 (s) is given by the following: 

Theorem 1.7.4.2. There is an equality of complex, meromorphic functions 

ew= n 

0<i<2 


Proof. See [17], Chpt.V. □ 

The natnral qnestion which arises is to give a similar homological interpretation 
for 05 ,t('S). This was done by Deligne (see [17], Chpt.V). We are going to briefly 
describe his constrnctions below, as they will be needed in §§3 and 4. 

Let Sx be the hnite set of closed points on X, lying above points corresponding 
to primes in S, and let Div (Sx) be the Z [G]-modnle of divisors on X, snpported 
on Sx- There is an exact seqnence of Z [G]-modnles: 


0 —^ ker 05 —^ Div (Ax) ^ Hq {X, Z 


0 , 


where 05 is the mnltidegree map given by: 


as 



= E ( E v) 



(5) 


for every T.T=injPj G Div (Ax). 

Remark 2. Obvionsly ker 05 is a free Z-modnle of hnite rank and, by dehnition, 
T^(ker 05 ) = ker a 5 ®Z^, for any prime nnmber i. as is F^^oAnvariant and therefore 
F acts on both ker 05 and T^(kera 5 ). We denote the indnced endomorphisms by 

F*,o- 

Let Tx be the hnite set of closed points on X, lying above points associated to 
primes in T, and let Hq (Tx, Z) be the free abelian gronp generated by Tx- There 
is an exact seqnence of Z [G]-modnles 

0 —^ Ho (X, Z)®F^ ^ Ho (Tx, Z) ® ^ coker(/3T) ^ 0, ( 6 ) 


where 


(3t 





= E 


for any E ® /z G Hq (V, Z) ® . 

0<i<u-l 


E 


P 


.PeTxnx(i) 


® fi, 


Remark 3. From the dehnition of (3t, one can easily see that, as a gronp, coker(/3'r) 
is a torns, i.e. coker(/3'r) EE. some positive integer m. Therefore we have 

T^(coker(/^ t)) EE. if i ^ p, and Tp(coker(/^ t)) = {!}• 
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Since F induces an isomorphism = -^*,0 ® on both Hq {X, Z) 0 and 
Hq {Tx, Z) ® F^, and (^t is F* 2 ^invariant, F induces a Z-linear isomorphism on 
coker(/3j’), and a Z^-linear isomorphism on T^(coker(/37’)). We will denote both 
these isomorphisms by F*, 2 - 

Theorem 1.7.4.3. If S and T are two finite, nonempty, disjoint sets of primes in 
k, S containing all primes which ramify in K/k, and u = q~^, then 

(1) 05,T(s)eZ[G]M. 

(2) For every prime number £, such that £ p, we have 

©s,t(s) = detQ^[G] (1 - F*,o ■ u\ T^(ker ag) 0 Q^) ■ 

■ detq^jG] (1 — ■ u\ Hi {X, Q^)) ■ 

■ detq^G] (1 - F^,2 ■ u\ W(coker(/3T)) ® Q^) • 


Proof. See [17], Chpt.V. □ 

Remark 4. The theorem above implies in particular that, if the set of data 
{K/k, S,T,0) satishes hypotheses (H), then 05 ,t(O) G Z[G], and therefore (by 
dehnition) 05 ,t(O) G Z [G]q g. This is the proof of St {K/k, S, T, r), for r = 0. 

Lemma 1.7.4.4. Let £ be a prime number, such that gcd{£, g) = 1. Then 

( 1 ) If^^P, 

0s,t(s) = detz^G] (1 - F ^,0 ' u\ T^(kera 5 )) ■ detz,[G] (1 - ^*,1 ' ^^1 Hi {X, Z^)) 

■ detz,[G] (1 - ^*,2 ■ u\ Ti;(coker(/?T))) • 

(2) If gcd{p, g) = 1, there exists a polynomial Q{u) G Zp [G] [n,] such that 

^s,t{s) = Q{u) ■ detzp[G] (1 ~ -^*,1 ■ u\ Hi {X, Zp)) ■ 

■ detzp[G] (1 - ^*,0 ■ u\ Tp(kera5)) . 


Proof. Let us hrst notice that, for £ satisfying gcd(f, g) = 1, Hi {X, Z^), T^(ker as) 
and T^ (coker(/^ t)) are Z^-free and therefore Z^ [G]-projective modules (see Remark 
1, §1.3). This shows that the determinants on the right-hand side of (1) make sense. 
Statement (1) in the lemma is now a direct consequence of Remark 1 above and 
Theorem 1.7.4.3(2). 

The fact that T^(kera 5 ) = (kerctg ® Z [1/g]) Z^ and that kerog 0 Z [1/g] 

z[i/s] 

is Z [G]-projective imply that 

detz[i/g][G](l - ^*,0 ■ u\ keros O Z [l/g]) = detz^[G] (1 - ^*,0 ■ u\ Ti;(keras)), (7) 

for all prime numbers £, such that gcd(f, ( 7 ) = 1, in particular for £ = p. Equality (7) 
shows that the polynomial on the right is independent of £, as long as gcd(f, g) = 1. 
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As Deligne shows (see [17], Chpt.V), the exact sequence ( 6 ) implies that, if £ 7 ^ p, 
gcd(£, (7) = 1 , we have an equality 


detz^[G] (1 - -F *,2 ■ u\ (coker(/I t))) = 


n (Qur) 

vET 


detz^[G] (1 ~ ■ u\ Ho (X, Z^)) 


On the other hand, Hq (X, Z^) = Hq (X, Z [1/(7]) ® Z^, and Hq (X, Z [1/77]) 
projective Z [1/77] [G]-module. Remark 1 therefore implies that 


( 8 ) 

is a 


detz^G] (1 - (lF*,o ■ u\ Ho (^, Z^)) = detz[i/g][G] (1 - 9^*,o ■ u\ Hq (X, Z [1/g])). 

This implies that the right hand-side of equality ( 8 ) is an element in the power series 
ring Z [ 1 /( 7 ] [G] [[n]]. On the other hand, the left-hand side of the same equality 
belongs to Z^ [G] [n]. We therefore have 


detz^G] (1 - F ^,2 ■ u\ W(coker(/I t))) G Z [1/g] [G] [u ], 
for all £, such that gcd(£, 77) = 1 . 

Let Q{u) = Qi{u) ■ detz^G] (1 --^*,2 ■ ^1 W (coker (/It))), where Qi{u) is the 
polynomial dehned in Theorem 1.7.4.1 (3), and £ is a prime number, such that 
£ p and gcd(£, g) = 1. According to the arguments above, Q{u) G Zp [G] [nj. Part 
(1) of the lemma, in addition to Theorem 1.7.4.1(3) and equality (7) imply that 


0s,t(s) =Q{u) ■ detzp[G] (1 - ■ u\ Hi (W, Zp)) ■ 

■ detzp[G] (1 - G*,o ■ u\ Tp(keras)) , 
which concludes the proof of ( 2 ). □ 


2 . Dynamics (Changing S and r) 


Let us suppose that the set of data {K/k, S,T,r) satishes hypotheses (H). Let 
r' > r, and let ..., be r' — r distinct primes in /c, not belonging to S or T, 
and splitting completely \n K/k. If A' = A U . .. , 1 ;^/}, then the set of data 

{K/k, S',T,r') satishes hypotheses (H) as well. Since T remains hxed throughout 
this section, we will denote by £5 and Ss' the elements es,T and es',T whose ex¬ 
istence is predicted by Q ■ St {K/k, S, T, r) and Q ■ St {K/k, S', T, r') respectively. 
We will also make the notations As = As,t, Us = Us,t etc. will denote the 

subgroup of As generated by primes in K, lying above Vi, for all r -|- 1 < / < r'. 
All the Fitting ideals and exterior powers involved from now on in this paper are 
considered over Z [G], unless otherwise specihed, and therefore we will suppress the 
group ring Z [G] from the notation. 

In this section we will list some relations between statements St {K/k, S,T,r) 
and St {K/k, S', T, r'), which will be needed in §§3 and 4. For most proofs we refer 
the reader to [14], §5. 

There is an exact sequence of Z [G]-modules: 

0 —> > As —> As' 


0 . 


( 9 ) 
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Proposition 2.1. If es and es' are the elements defined above, then 

(1) G Z [1/g] Fitt (Ag) As es' G Z [1/g] Fitt (A 5 /) A 5 /. 

(2) If G is cyclic, then es G Fitt (A 5 ) As £5' G A 5 /. 


Proof. (see also Theorem 5.3 in [14]) 
morphisms: 

Q A Us' Q A Us, 


According to [14], §5, there exist Q [G]- 

^Q[G], 


satisfying the following properties: 


(a) 

$ is injective 

if restricted to QAs'. 

(b) 

$(Z [1/g] As/ 

) = Z [1/g] Fitt (As,s^ 

(c) 

Fitt (As,S') As C $ (As'). 

(d) 

$(£S') = £s- 
/ / \ 


(e) 


= Fitt (As,s')- 


(f) $(111 A U2) = A U2, for every Ui E Q A Us' and U2 E Q/\ Us- 


(1) The exact seqnence (9) and the fact that Z \i/g] [G] is a hnite, direct snm 
of Dedekind domains (see §1.3) imply that there is an eqnality of Z [l/^f] [G]-ideals 
(see §1.4(f)): 


Z [l/g] Fitt (As) = (Z [1/g] Fitt (As,s')) ' (Z [I/9] Fitt (Asfi) - (10) 

Let ns snppose that £5 G Z [1/g] Fitt (A 5 ) As- (10) implies that £5 can be written 
as a hnite snm £g = with 7 ^ G Z [l/^f] Fitt (A 5 /), Si E Fitt(A 5 ^s/) and 

i 

Xi E As- According to (c) above, this implies that £5 G $ (Z \1/g] Fitt (A 5 /) A 5 /). 
Thns (a) and (d) imply that £ 5 / G Z [l/^f] Fitt (A 5 /) A 5 /. 

Let ns snppose now that £ 5 / G Z [l/^f] Fitt (A 5 /) A 5 /. This implies that 
£5 = $(£ 5 ') G Fitt (A 5 /) $ (Z [l/^f] A 5 /). On the other hand, according to (b) 
and ( 10 ) above, we have the eqnalities: 


Fitt (A 5 /) $ (Z [1/g] As') = Z [1/g] Fitt {As,s') Fitt (A 5 /) As = 

= Z [1/g] Fitt (As) As . 


This conclndes the proof of (1). 

(2) If G is cyclic , §1.4 (g) and the exact seqnence (9) imply that 
Fitt (As) C Fitt(As,s ')5 therefore (a) and (c) imply ( 2 ). □ 

Corollary 2.2. Let us suppose that, in the context above, r = 0. Then: 

(1) 0s,t(O) G Z [1/ g] Fitt (As) £s' G Z [1/ g] Fitt (As') As' . 

(2) IfG is cyclic, 0s,t(O) G Z [G]^ ^Fitt (As) £s' G Z [G]^, 5, -AUs'- 



ON A REFINED STARK CONJECTURE FOR FUNCTION FIELDS 


17 


Proof. (1) In order to prove (1), one has to rely on the fact that, in the case r = 0, 
As = Z [G]q g (see Lemma 1.5.3(3)), and that 

Z [l/g] Fitt (.4s) ■ Z |l/ 9 l |G]„_s = Z [l/j] Fitt (.4s) n Z [l/j] lG]„_s- 

This last eqnality follows from the fact that Z [l/^f] [G] = 0 and that, with 

peG(Q) 

respect to this decomposition, Z [1/g] [G]q 5 = 0 (see §1.3). 

V'€G(Q,0) 

Proposition 2.1 (1), in addition to the fact that 0 s,t(O) G C [G]q g, implies 
therefore that 

05,t(O) G Z [1/g] Fitt (As)^ 0s,t(O) G Z [1/g] Fitt (^5) • Z [1/g] 

es' G Z [l/g] Fitt (A5/) A5/. 

(2) Let ns snppose that 0s,t(O) G Z [G]q ^ ■ Fitt (A5). One can therefore write 
0s,t(O) as a hnite snm 05 ,t(O) = fii where 0 ^ G Z [G]q and fi G Fitt (As). 

i 

/ 

r 

Property (e) above together with §1.4(g) imply that there exist elements Ui E Alls' 
so that fi = ^'{ui), for every index i, and therefore (f) implies that £5 = 0 s,t(O) = 
$ (Yl ■ '^i)- The obvions fact that, in onr context, Z [G]q ^ = Z [G]^, g, therefore 
implies that: 

_ ! 

ai- Ui eZ [G]^/5/ ■ A Us' C As'. 


Properties (a) and (d) imply then that £5/ — ^ cti ■ Mi G Z [G]^, g, ■ A Ug'. □ 

We conclnde this section with the following statement, whose proof can be fonnd 
in [14], §5 (see Corollary 5.4). For a more detailed proof, see [12], Chapter IF 

Proposition 2.3. Let us suppose that the set of data {K/k, S,T,r) satisfies hy¬ 
potheses (H), and that es,T is the element satisfying Q ■ St {K/k^ S', T, r). If Ss,t G 
Z [l/g]As^T, then the following statements are equivalent: 

(1) £5,t G Z [l/g] Fitt {As,t) As,t- 

(2) Z [1/g] [G] es,T = Z [1/g] Fitt {As,t) As,t- 

We will actnally prove that statement (1) in Proposition 2.3 is always satished in 
the fu n ction held case (see Theorem 3.2.1(2)), and therefore (2) is always satished 
(see Corollary 3.2.2). This fact tnrns ont to be of crncial importance in proving 
that Gras-type Conjectnres hold trne in the fnnction held setting (see [13]). 

3. Conjecture B up to primes dividing \G{K/k) \ 


3.1. THE r = 0 CASE 
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In the context described in §1.7, let us suppose that the set of data {K/k, S,T,0) 
satishes hypotheses (H). The goal of this section is the proof of the following: 

Theorem 3.1.1. If the set of data {K/k, S,T,0) satisfies hypotheses (H), then 

©s,t( 0) G Z [l/^f] Fittz[i/g][G](A5^j’). 

Remark 1. Before starting to prove the theorem above, let us hrst notice that, 
according to §1.4 (c), its statement is equivalent to 

©s,t( 0) G Fittz^G] (^s,T ® Z^) , 

for all primes £, such that gcd(£, ^r) = 1. We will therefore prove the Theorem 
“prime by prime”. 

Let Sxi and Sx be the hnite sets of closed points on and X respectively, lying 
above points in Yi associated to primes in S. Tx^ and Tx have similar meanings. 
If Z is a subset of closed points of Xi or X, then Div {Z) and Div^ {Z) will denote 
the groups of divisors and respectively divisors of degree 0, supported on Z. (If 
Z C X, degree 0 means multidegree 0, i.e. degree 0 on each connected component 
X^^\) Let 


Pic° (Xi) 


DivO (Wi) 

{div(/):/GiFx}’ 


Pic°(W) 


DivO (W) 
{div(/) : / G © 

0<i<iy-l 


be the Picard groups associated to Xi and X respectively. As explained in §1.7.3, 
Pic^(W) is the underlying group of an abelian variety of dimension gx, on which 
the geometric Frobenius map induces a bijective endomorphism T* i. Pic^ (^i) can 
be naturaly viewed as a hnite subgroup of Pic°(W), and it is precisely the part of 
Pic°(W) hxed by the action of F^^i. 

We will also consider the following groups: 


PicO iX^)^ = 


_ Div° (Xi\TxJ _ 

{div(/) : / G iPx ^ = 1 mod rc, Vrc G Txi} ’ 


Pic°(A:)T = 


_ Div» {X\Tx) _ 

{div(/) : / G © iPb) ^= 1 mod rc, Vrc G Tx} 

i 


It can be shown that Pic^(W)T is the underlying group of an algebraic group 
as well. We will not use this fact in what follows. Pic^ {^i)t inside the part 
of Pic^(W)T hxed by the action of the geometric Frobenius morphism and, as 
Lemma 3.1.4 below shows, it is in fact equal to this. There obviously are surjective 
group homomorphisms 


TTxi : Pic'^ {X^)t 


Pic°(Wi) , TTX : Pic°(W)T 


Pic°(A:). 
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There is a commutative diagram of Z [G]-modules, with exact rows 
0 -^ > DivO(Xi) -^ Pic‘^(Xi) -^ 0 

TTX CpS 

0 -^ Rx/Us Dw{X^\Sx,) -^ ^ 0, 

where: 

• ttk is the usual projectiou (F^,. C Us)- 



• (ps is the “forgetful” map dehued by (/> f^iWi 1 = Yl niWi- 

\wiE:Xi J WiE:Xi\Sxi 

• ^/^s is the map iuduced by (f)s- 

• div is the usual divisor map. 

• div 5 is the “forgetful” divisor map, dehued by div 5 (/) = Y ord^if) -w, 

weXi\Sx-, 

for auy f E K. 

The suake lemma applied to (11) aud the surjectivity of ttk give au isomorphism 
of Z [G]-modules coker((/) 5 ) coker('0g). Let dZ = Im ^Div (5'xi) zj, where 

“deg” is the divisor degree map ou Xi. It is au easy observatiou that coker((/)g) 
Z/dZ as Z [G]-modules, with G actiug trivially ou Z/dZ. Therefore we obtaiu the 
followiug isomorphism of 
Z [G]-modules 

coker('05) Z/dZ, (12) 

with G actiug trivially ou Z/dZ. 

There is a commutative diagram of Z [G]-modules with exact rows 

0 -^ ( © F,.{w)x)/FX^ ^1—. PicO(Xi)^ PicO(Xi) -. 0 

weTx^ 



0 -> ( © F,.iw)x)/Us As,t -^ ^ 0 , 

wETx^ 

(13) 

where: 

• The lower row comes from the exact sequeuce (1). 

• irUaYwerx^) = div(/), for every {aYweTx-, ^ © Fg..(M;)^ aud f E K, 

wETx^ 

satisfyiug f = mod w, \/w E Tx^ ■ 

• '^s,TiY'^i ■ '^i) — ^de ideal class correspoudiug to Y\w^^ iu As^t- 

i i 

The suake lemma applied to (13) aud the surjectivity of ttt imply that 
coker('05^7’) —> coker('05). (12) therefore gives au isomorphism of Z [G]-modules 

coker(05,T) ^ Z/dZ, (14) 

with G actiug trivially ou Z/dZ. 
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Proposition 3.1.2. If £ is a prime number, such that gcd{£,g) = 1, then 


detz,[G] (1 - F*,o|TKkera5)) e Fittz,[G](coker® Z^)- 

Before starting to prove the proposition, let ns observe that the determinant 
in the statement makes sense dne to the [G]-projectivity of T^(kera 5 ) (see 
Remark 2, §1.7.4 and Remark 1, §1.3). In what follows, if M is an abelian gronp 
and / G End(M), then denotes the snbgronp of M hxed by /. 

Proof. Since as is F* o^eqnivariant, we have a commntative diagram of Z [G]- 
modnles, with exact rows 


0 - ^ keros -^ Div(5x) Hq (X, Z) 


(l-E*,o)i 


( 1 —P*,o )2 


(1 —P*,o)3 


0 


0 -> keros -^ Div(S'x) -^ Hq (X, Z) ->• 0. 


Obvionsly, we have the following eqnalities: 

• ker(l - F*,o )2 = Div = Div(S'xi), 

• ker(l — F*^o )3 = the rank 1, free Z-modnle generated by A 


E A<'>]. 


with trivial G-action. 

The snake lemma gives therefore a long exact seqnence of Z [G]-modnles 


0 —^ ker(l - F*,o)i 
—> coker(l - F*^o)i 


Div(Sx.) —'Z.^l 
> coker(l - F*^o )2 


coker (1 — 


0j3 


Since Im(A ■ deg) = dZ ■ A, and G Exes A, we get an injective morphism of 
Z [G]-modnles 

Z/dZ ^ coker(l — F*^o)i, (15) 

with G acting trivially on Z/dZ. Since for £\ g, Z^ [G] is a direct snm of Dedekind 
domains, (14), (15) and (f), §1.4 imply that 


Fittz^G] (coker(l - F*,o)i ® Z^) C Fittz^G] (coker('0s,T) ® Z^), \/£,£\g. (16) 

If one considers the decomposition Z^ [G] = 0 D^, as in §1.3, then the fact 

deGidi) 

that T^(keros) is a projective Z^ [G]-modnle implies that one has an isomorphism 
T^(keros) —^ for some positive integers (see Remark 1, §1.3). The 

exact seqnence 


/ 2^ \ 

T^(keros) —^^^^(keros)-^ coker(l - F*^o)i ® Z^-^ 0 

gives therefore a sitnation similar to the one described in §1.4 (d), with F = Z^ [G] 
and N = T^(keras)- We therefore have 

detz 4 G](l - F*,o|W(keras)) e Fittz^G] (coker(l - F*,o)i © Z^). (17) 

Relations (16) and (17) imply the statement in Proposition 3.1.2. □ 
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Proposition 3.1.3. If £ is a prime number, such that gcd{£,g) — 1, then 

detz^[G] (1 - F*, 2 | T^(coker(/3T))) ■ detz^c] (1 - ^*,il {X, Zg)) e 

G Fittz<,[G] (Pic° {Xi)x ® . 


Proof. Let us recall that we have an exact sequence of Z [G]-modules 

0 —^ Ho {X, Z) ® ^ Ho (Tx, Z) ® . coker(/3T) —^ 0 . (18) 

The g-power geometric Frobenius morphism induces isomorphisms 
= F^,o ® (Tq on each term of (18), where : F^ —F^ is the g-power map, 
and I3t is F*^ 2 Hnvariant (see §1.7.4). 

Let E = G(F/Fg) (topologically generated by a^), let be the closed sub¬ 
group of E (topologically) generated by and let Fq be the hnite subgroup of 
Autz (Ho (Tx, Z)) generated by F* o- Then obviously the prohnite group To x E 
acts continously on each term of (18), considered with the discrete topology. 

Let H be the closed subgroup of Fo x E, (topologically) generated by 
F* 2 = F* o^cTq. Let Hi, be the closed subgroup of H generated by F ^2 = Ff Q<S)(Jq. 
Since the actions of H and G on Hq (Fx, Z)®F^ commute, (18) is an exact sequence 
of F X G-modules. 

We also have an exact sequence of G-modules 

0 —^ coker(/3T) —^ Pic®(A:)T —^ Pic°(A:) —^ 0 , (19) 

which preserves the Frobenius action on each of its terms (see [17], Chpt.V). 

Let f be a prime number. Remark 3, §1.7.4 shows that the multiplication by £ 
maps 

coker(/?T) coker(/3T) [£^] 

are surjective for every n > 0. The dehnition of Pic^ {Xi)j,, combined with the 
weak approximation theorem for valuations on for all 0 < i < z/ — 1, easily 

implies that the natural maps 

Pic° (Xi)^ [r] ^ Pic° (Wi) [r] 

are surjective as well, for every n > 0. These two facts show that the short exact 
sequence (19) gives a short exact sequence of G-modules 

0 TKcoker(/3T)) T^ (Pic°(W)T) ^ T^ (Pic°(W)) ^ 0 , ( 20 ) 

at the level of f-adic Tate modules, preserving the Frobenius action on its terms. 
We will need two lemmas: 
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Lemma 3.1.4. We have the following: 

(1) (Pic®(X)T) is a free Zi-module of finite rank, for every prime i. 

(2) Pic°(X)y*’^ Pic° (^ 1 ) 2 - as Z [G]-modules, where Pic°(X)y*’^ is the part 
o/Pic°(X)'r fixed by 

Proof. Statement (1) follows directly from the exact sequence (20) and from the 
fact that both (coker(/^ t)) and (Pic®(X)) are free Z^-modules of hnite rank 
(see §1.7.3 and Remarks, §1.7.4). 

(2) The fact that Ffg = 1ho(x,z) implies that there is an i7-isomorphism 

Ho {X, Z)^F^ XG (Z- (g) Z [77]. (21) 

Z[R,] 

Shapiro’s Lemma and Hilbert’s Theorem 90 imply therefore that, at the level of 
Galois cohomology groups, we have 

ff (77,Ho(X,Z)(g)F'') (^77^,Z- O F'') = ff (E^, F"") = 0, (22) 

for t = 1, 2. 

The fact that H/Hi, is hnite cyclic and (21) above imply that there are isomor¬ 
phisms of G-modules 

(Ho(X,Z)(g)F^)^ (^Z- ® F^^" = F^. . (23) 

In a similar fashion one can prove that 

Hi(77,Ho(Tx,Z)®F><) =0 (24) 

and that there is an isomorphism of G-modules 

(Ho(Tx,Z)®FX)^GT, 0 F,.(«;)G (25) 

wETx 

As a consequence of (22-25), the long exact sequence of i7-cohomology groups 
associated to the short exact sequence (18) starts as 

0 -^F^A-^ 0 F,.(«;)X ^(coker(/3T))^^ 

weTxi 

—^ 0 —^ 0 —^ H^ (77, coker(/3T)) —^ 0 —^ . 

This implies that we have the following G-isomorphisms: 

H^ (77, coker(/3 t)) = 0 and (coker(/3T))^ ^ ( 0 Fq.{w)^)/F^,.. 

weTx^ 


( 26 ) 
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Let H. be the subgroup of Autz (Pic° (Xi)^,) generated by F*^i. As we mentioned 
above, the restriction of to coker (/3 t) via the injective morphism coker (/d-r) —^ 
Pic® coincides to -F*, 2 - This observation together with (26) show that the 

short exact sequence (19) gives a long exact sequence of ?-f-cohomology groups 
which starts as 

0 —^ (coker(/lT))^*’" —^ Pic®(A:)T^*’' —^ Pic®(A:)^*’i —^ 0. 

We therefore have a commutative diagram with exact rows 


weTx^ 




^ Pic® PicO (Xi)-^ 0 


12 


(coker (/It) )^ 


-^Pic®(A:)T 


^3 


Pic^{X)^* 


0 , 


(27) 

where *2 and is are the natural inclusions and A is the isomorphism in (26). We 
already know that is and A are isomorphisms (see comments at the beginning of 
this section and (26) above, respectively). The snake lemma therefore implies that 
*2 is an isomorphism as well, and this concludes the proof of (2). □ 


Lemma 3.1.5. Let M be a Z [G]-module, which has nontrivial Z-torsion, let f G 
Endz[G]iX[), and £ a prime number, such that 

(1) W(M) is a free Z£-module of finite rank. 

(2) {m G M : f{m) = m} is finite. 

Then there is an isomorphism of Z^ [G] -modules 


W(M)/(1 - f)Te{M) XUZ£® Mf. 


Proof. Let us consider the exact sequence of Z^-modules 


0 —> Z£ —> —> Q^/Zr —^ 0. 

In virtue of hypothesis (1) above, 

0 W(M) W(M) (g) ^ W(M) (g) Clt/Zt 


is still exact. We therefore get a commutative diagram with exact rows 


0 -^ TfiM) 

0 -^ TfiM) 


T,(M)0Q, 


(l-/)2 


T,(M)0Q, 


T^(M) 0 Q^/Z^ -^ 0 

(l-/)3 

T^(M) 0 Q^/Z^ -^ 0 , 
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where (1 — /)i = (1 — /) at the level of Tate modules, (1 — /)2 = (1 — /)i ® 1 q^, 
and (1 - /)3 - (1 - /)i ® 1q,/z,- Hypothesis (2) above implies that (1 — /)i is 
injective and therefore (1) implies that (1 — f )2 is an isomorphism of Q^-vector 
spaces. Snake lemma applied to the diagram above gives therefore an isomorphism 
of [G]-modules 


ker(l - f)s ^ T,(M)/(1 - /)T,(M). (28) 

On the other hand 

T,(M)(g)Q,/Z, ^ ljM[r]. 

i>0 

Let M[i°°] = IJ Then the commutative diagram 

i>0 


T^(M) 0 Q^/Z^ 

(l-/)3 

T^(M) 0 Q^/Z^ 


( 1 -/) 


in addition to (28) and hypothesis (2) give the isomorphisms of Z^ [G]-modules 


T^(M)/(1 - f)Ti{M) ^ M[£°°]f ® Z^ 


This concludes the proof of Lemma 3.1.5. □ 

We now return to the proof of Proposition 3.1.3. Lemma 3.1.4 and the hniteness 
of Pic^ (^i)j’ (see the upper row of commutative diagram (27) and keep in mind 
that Pic® (^i) is hnite) imply that Pic® (Wi)^, together with its endomorphism T* i, 
and any prime number satisfy the hypotheses in Lemma 3.1.5. We therefore have 
an isomorphism of Z^ [G]-modules 


T^ (Pic®(W)T) /(I - F,,i)T^ (Pic°(W)T) ^ Pic® {X^)^ ® Z^, (29) 


for any prime number 1. The exact sequence (20) gives a commutative diagram of 
Z^ [G]-modules with exact rows 


0 

0 


^ W(coker(/lT)) 

(1-E*,2) 

^ Ti{coker{(3 t)) 


. W (Pic°(W)T) 
. T^ (Pic®(W)T) 


W (Pic«(W)) 

T, (Pic®(W)) 


0 

0 


The hniteness of Pic®(W)= Pic® {Xi)j, and Pic®(W)^*’^ = Pic® (Wi) respec¬ 
tively implies that the maps (1 — F* i)i and (1 — F* 1)2 are both injective. Snake 
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lemma applied to the diagram above, and (29), give an exact seqnence of [G]- 
modules 


0 —coker(l — -F*^ 2 ) —^ Pic*^ (^i)t ® ^ coker(l — -^*, 1)2 —^ 0 

Property (e) §1.4 implies that 

Pittz^G](coker(1 - ^^*, 1 ) 2 ) ■ Fittz 4 G](coker(l - ^*, 2 )) C 

GFittz,[G] (Pic°(^i)T®Z^)- ^ ^ 

On the other hand, both T^( coker (/It)) and (Pic°(X)) are free Z^-modnles, and 
therefore projective Z^ [G]-modnles (see Remark 1 §1.3). An argnment similar to 
the one nsed in proving (17) shows that 

detz 4 G](l - P'*, 2 |Tr(coker(/lT))) G Fittz^c](coker(l - ^*, 2 )) and 
detz4G]((l - F*,i)i|Tr(PicO(X))) e Fittz^c](coker(1 - ^"*, 1 ) 2 ). ^ ^ 

According to (30) and (31) we can hnally conclnde that Proposition 3.1.3 is trne. □ 

Proof of Theorem 3.1.1. Let ns consider a prime f, snch that gcd(f, ^r) = 1, and 
the exact seqnence of Z^ [G]-modnles 


Pic° {X 


i)t 


Ps,T01z« , 

Zi -s- As,t 


coker {'ll; s,t) 


-^0 


(see diagram (21) for the dehnition of 'iI;s,t)- Property (e) §1.4 implies that 

Fittz,[G] (coker ('0 s,t) ® Z^) ■ Fittz^c] (Pic° {Xi)t ® Z^) C 
C Fittz^G] (^s,t ® Z^). 

Step 1. Let ns hrst snppose that f 7 ^ p. Then Propositions 3.1.2 and 3.1.3, in 
addition to (32) above, and Lemma 1.7.4.4 (1) for s = 0 (and therefore u — 1), 
imply that 

©s,t( 0) =detz,[G] (1 - T*,o|T^(kera5)) ■ detz,[G](l - (X, Z^))- 

■detz<,[G](l ~ -F*^ 2 |T^(coker(/lT))) G Fittz<,[G](^ s,t ® Z^). 

Step 2. Let ns snppose now that f = p, and gcd(p, g) = 1. The hrst observation 
we have to make is that Tp( coker (/It)) = 1 and therefore Proposition 3.1.3 implies 
that 

detzp[G] (1 ~ F^,i \ Zp)) G Fittzp[G] (Pic® (-^i)t ® Zp) . (33) 

Proposition 3.1.2 , (32) and (33) above, in addition to Lemma 1.7.4.4 (2) imply 
therefore that 

0s,t(O) =Q{1) ■ detzp[G] (1 - T*,o|Tp(keras)) ■ 

■detzp[G]((l - -F*,i)i|Hi {X, Zp)) G Fittz^ [g] (^s,t ® Zp). 

According to Remark 1, Step 1 and Step 2 above conclnde the proof of Theorem 
3.1.1. □ 
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3.2. ARBITRARY r 

The following theorem shows that, for general abelian extensios of fnnction helds, 
Conjectnre B is trne, np to primes dividing the order of the Galois gronp. 

Theorem 3.2.1. If the set of data {K/k, S,T,r) satisfies hypotheses (H), then 

(1) There exists a unique element es,T ^ Z [1/g] satisfying 

(2) The element es,T above satisfies 

^s,T G Z [1/g] Fitt As,t- 


Proof. Let {ni,..., Vr} be the distingnished set of r distinct primes in A, which 
split completely in K/k, and let Sq = S \ {ni, ■ ■ ■ ^Vr}- Then obvionsly the set of 
data {K/k, So,T,0) satishes hypotheses (H). Theorem 3.1.1 implies that 

©So,t( 0) ^ 2 [1/fi'] Fitt • 

Corollary 2.2 (1), with S' = S and S = Sq, implies therefore that the element 
es,T satisfying Q ■ St (AT/Zc, S', T, r), also satishes es,T £ Z [l/^f] Fitt (Ag^r) Ag^T- 
This settles the proof of both (1) and (2) above, as the nniqneness of es,T is a 
conseqnence of Remark 5, §1.6. □ 

Corollary 3.2.2 ( Raw form of Gras’ Conjecture ). The element es,T, whose 
existence is proved in the Theorem 3.2.1, satisfies 

2 [1/fi'] [G^] ■ £s,t = Z [1/g] Fitt(A5,T)A5,T = Fitt(A5,T) (z [1/g] A Us,t) 

V / r,S 

Proof. This is a direct conseqnence of Theorem 3.2.1 (2), Proposition 2.3 and 
Lemma 1.5.3(1). □ 

In [13] it will become apparent that Corollary 3.2.2 implies Gras-type conjectnres 
for fnnction helds. 

4. Proof of a stronger form of Conjecture B 
for constant field extensions 

Throngont this section K/k is a constant held extension of f un ction helds of char¬ 
acteristic p. 


4.1. PRELIMINARY CONSIDERATIONS 
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Let Fg and Fg^ be the exact fields of constants of k and K respectively. Then 
clearly G{K/k) G(Fgi-/Fg) is cyclic of order u, with a distingnished generator 
cT, satisfying cr(C) = for every ( in Fgi^, and K/k is everywhere nnramified. 
We remind the reader that for primes v in k, and w in K, snch that w\v, 
denotes the Frobenins morphism of v relative to K/k, dy = [Fg(n) : Fg] and 
dyj = [Fgi^(r(;) : Fg^]. Simple arithmetic considerations show that that 

there are precisely = gcd((i^,, u) primes in K lying above v, and that d^ = d^/r^. 
(This implies in particnlar that v splits completely in K/k ii and only if i'\dy.) 


Lemma 4.1.1. For any prime number £, there are Zi [G]-isomorphisms 

(1) Ho (W, Z^) — Zi[G], which sends the action of on Hq (W, Z^) into 
multiplication by a~^ on Zp [Gl. 

Zr[G], ifl^p 

0 , if£^P: 

which sends the action of F^ 2 on H 2 {X, Z^) into multiplication by qa~^ on 
Z,[G]. 

ZplGJ", !/« = p, 

for some integer n, 0 < n < 2gx- 


(2) H2(W,Z,) 


(3) Hi (W, Ze) 


Proof. Let ns first notice that 


K,o 





for every 0 < i < n — 1. 


(34) 


(1) We know that Hq {X, Z) is Z-free of basis : 0 < i < n — 1}, that G 

is cyclic of order n and it permntes the elements transitively. We have also 

chosen the indices i so that = F* q (34) implies therefore that we 

can define an isomorphism of Z [G]-modnles 


Ho (W, Z) A Z [G], (35) 

given by = a~\W0 < i < i> — 1. Obvionsly, nnder this isomorphism, 

the action of F^^ on the left corresponds to mnltiplication by a~^ on the right. 
Statement (1) in the lemma can now be obtained by tensoring (35) with Z^. 

(2) We already know (see §1.7.3) that there is an isomorphism 


/ 

H 2 (W, Z^) GG Ho (W, Zp) 


which takes the action of F *^2 on the right hand-side into the action of qF^^o on 
the left hand-side. The map (p 0 Iz^) o / gives therefore a Zp [G]-isomorphism 
satisfying the reqnirements in (2). 
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(3) The fact that \G\ = u and that G permutes transitively and isomorphically 
the ly irreducible components of X, and therefore their corresponding Picard 
groups Pic®(X*^*^), implies that there is an isomorphism of Z [G]-modules 

Hi (X, Z) = 0 PicO(X«) -T, z [G] (g) Pic°(X(o)), 

0KiKi/ — l Z 

with G acting trivially on Pic°(X^^^). Passing to Gadic Tate modules, one obtains 
the desired [G]-isomorphisms. □ 

4.2. THE r = 0 CASE 


Throughout this section we will assume that the set of data {K/k, S, T, 0) satishes 
hypotheses (H). 


Lemma 4.2.1. If u = q ^, we have the following: 
(1) For any prime number I ^ p 


n (1 — (cr ^uY^) n (1 ~ ^uY'’) 


(1 


( 2 ) There exists a polynomial Q{u) G Zp [G] [-u], such that 


n (i-(o- G 

©S,t('u) =Q{u) ■ 

■detzp[G](l - T*^i 


veT 


■ri|Hi (X, Zp)). 




“)) 


Proof. (1) Let f 7 ^ p be a prime number. The freeness of the Hi(X, Z^)’s as 
Z^ [G]-modules implied by Lemma 4.1.1, and Theorem 1.7.4.2, show that 

0(s)= n detz,[G](l-i"*,^-«|H,(^,Z^))(-')^^\ (36) 

0<i<2 


for any prime number i Y P- Lemma 4.1.1 (1) and (2) and equality (36) give 

fi( ] — ‘^®^Z(,[G](1 - -^*,1 ■ Y Hi (X, ZY) 

(1 — a~^u) ■ (1 — qa~^u) 

On the other hand, since K/k is unramihed everywhere, we have 

ay~^Nv~‘^) ■ (1 — ay~^Nv^~^) ■ 0(s). 


(37) 


0 s , t ( s ) = ^ 

ves 


vET 


This equality and (37) give (1) in Lemma 4.2.1. 

(2) This follows directly from (1) and Theorem 1.7.4.1 (3), with i = 1 and 
Qiu)=Qiiu). □ 
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Proposition 4.2.2. Under the assumptions above, we have the following: 

(1) 0s,t(O) e Fittz[G](^s,T) n Z [G]o,5- 

(2) If i is a prime number, such that gcd(£, g) = 1, or gcd(£, d^) = 1, for some 

w e Sk, then 0 s,t(O) G Fittz^c](A s,t ® [G]q 

Proof. Let us fix a prime vq & S and let Sq = {uq}. Obviously the set of data 
{K/k, S, T, 0) still satisfies hypotheses (H). (Recall that K/k is everywhere unram¬ 
ified.) There is a surjective morphism of Z [G]-modules Asq^t —^ (see (9)), 
which gives a Z^ [G]-surjection As^^t ® ® Z^, for every I as above. 

These imply that 

Fiftz[G](AgQ,T) C Fittz[G] 5 Fittz<,[G] (^SoT ® Z^) C Fittz^G] {As,t ® Z^) 

(see §1.4(f)). These relations together with 

es,T(0)= n and J] lG]oA ^ Z |Glo,s . 

veS\{vo} 'y£S\{'!;o} 

imply that it is enough to prove the proposition above in the case liS”! = 1. From 
now on we will assume that S = {uq}, and we will fix a prime wq G Sk- We will 
need three lemmas. 

Lemma 4.2.3. Let us consider the X[G]-module Z/d^^^Z with trivial G-action. 
Then 

1 — cr“^™o 

—- G Fittz[G] (Z/(i^t,oZ) . 

I — a 


Proof. Since G acts trivially on Z/d^^^Z, ^ G Annz[G] (Z/d^yoZ). On the 

other hand, Z/d^^^Z is a cyclic Z [G]-module, and therefore §1.4(a) shows that 


Fittz[G] (Z/d^upZ) — Annz[G](Z/d^ypZ) 


□ 


Lemma 4.2.4. For any v E T, the following hold true: 
(1) (1 - e Fittz[G|(® F,.(to)0- 


(2) e Fittziq i (® 


X 'i /T?X 


where FA is embeded in 0 Fqi-(r(;)^ diagonally {x —> 0 (t mod w) 


Proof. Let ns fix a prime wq in K, such that wo\v. There is an isomorphism of 
Z [G]-modules 

0F,.W>‘ ^F,.(mo)>‘ 0 Z[G], 

Z[G„] 


w 


V 
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where is the decomposition group of v relative to K/k. Since Fq.^(r(;o)^ is a 
cyclic Z[G„]-module, both 0 and (0 Fqi^{w)^)/F^^ are Z [G]-cychc and 

w\v w\v 

therefore their Fitting ideals over Z [G] are equal to their Z [G]-annihilators (see 
§1.4(a)). 

(1) The equality implies that 

1 - e Annz[G,](Fg.(M;)'') C Annz[G](0Fg. («')'')• 

W V 

(2) Let I = {n, n — 1,..., n — + 1}. Then {cr*| f G /} is a set of coset represen¬ 

tatives for the quotient GjG^ and {wq \i G /} = {wire in AT, w\v}. Let 

dehned by jw{x) — x mod w, for every w\v. 

One can easily show that 

G /, Vrr G F^. . (38) 

We will identify F^i. with a subgroup of Fg..(r(;o)^, via If C is a generator of 
Fg'^(rco)^ then, under this identihcation, 

vd^lr^ _ 1 

Fg- = (C"), where a = ^ ■ (39) 

Relations (38) and (39) imply that the image of the composition of maps 

© Jm 

J-.Fy'-^ 0F,.(«;)x AL,f,.(«;o)^ 0 Z [G] 0 . F,.(«;o)^ 

w\v Z[Gi,] 

satishes the equality 

Im( J) = {J2<7"- n G Z/{q^ - 1)Z}. (40) 

iei 

Let us also observe that 0 a* ■ Fgi'(wo)^ is generated over Z [G] by the element ( 

iei 

having ( = in the component corresponding io i — u, and 0 in all the other 
components. 

Let us consider the -evaluation map”: 

:Z[G„]-^Z/(q^^"/”^-1)Z, 
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defined by = X] ■ The equality shows that if 

J>0 j>0 

a = ^ cr* ■ tti G Z [G], with ct^ G Z [G^], Vi G /, then a ■ C = Yliiei 
iei 

light of these observations, equality (40) shows that: 


Annz[G] (0 = Annz[G](C) = 

= {^ a* ■ Gil Gi G Z[G^,], 3n G Z, (t)q{cii) = n ■ aq’^~^ mod 
iei 


One can write 


1 — {qa 
1 — qa~^ 


■ r* ■ A], 

iei 


(41) 


^ {Q 0- — 

where A = . According to (41), in order to prove statement (2) in our 

lemma, we would simply have to show that a\(j)q{A) in — 1)Z. This is 

an easy consequence of the fact that gcd((it,/r^, zz/r^,) = 1 (see comments at the 
beginning of §4.1). □ 


Lemma 4.2.5. Let I be any prime number. Then 


detz4G](l ~ F*^i| Hi (X, Z^)) G Fittz^[G] (Pic'^ (-Ti) O Z^) . 


Proof. Lemma 3.1.5 applied to M = Pic°(X) and / = gives an exact sequence 
of Z^ [G]-modules 

0 —^ T^(Pic°(A:)) T^(Pic°(A:)) —^ Pic® (Xi) O Z^ —^ 0. (42) 

(take into account that Pic®(X)^*’i = Pic®(Xi)). Lemma 4.1.1 (3) shows that 
T^(Pic®(X)) = Hi (X, Z^) is a free Z^ [G]-module, for every prime number 1. 
The exact sequence (42) gives therefore a free Z^ [G]-resolution of Pic® (3fi) ® Z^. 
Lemma 4.2.5 is now a direct consequence of the dehnition of the Fitting ideal. □ 

We are now ready to conclude the proof of Proposition 4.2.2. 

(1) By dehnition, 0s,t(O) G Z [G]q g, and therefore all we have to prove is that 
0s,t(O) G Fittz[G] (As,t) which, according to §1.4(c), is equivalent to 

0s,t(O) G Fittz 4 G](As,T ® Z^), Vf prime . 

Let us hx a prime number i. We will refer again to commutative diagram (11) . 
With the same notations, we have an exact sequence of Z [G]-modules 

Pic® (Wi) As —coker('i/i 5 ) —0, 


(43) 
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and coker((/) 5 ) —> coker('05) as Z [G]-modules. The only difference is that, in onr 
sitnation, dne to the fact that S = {no}, for any w G Sk- We therefore 

have a Z [G]-isomorphism coker((/) 5 ) Tjjdw^Tj^ which gives a Z [G]-isomorphism 

coker('05) ^ Ziduio’L, (44) 

with G acting trivially on TjjdwJL- Lemmas 4.2.3 and 4.2.5, in addition to exact 
seqnence (43) and property (e), §1.4, imply that 

1 — 

^ ■ detz^[G](l — F*,i \ Hi (W, Z^)) G Fittz^[G] (H-s ® Z^). (45) 

Let ns fix a prime vt & T and let Tq = {nr}- We have the following exact seqnences 
of Z [G]-modnles: 

0 —^ Fq-'iw)^)/{Us/Us,To) —^ As,To —^ As —^ 0 , 

w\vt 


(0 —* (0 F,.(«.)'<)/(f/s/Cfs,T.) 0, 

w\vt w\vt 

(The first exact seqnence above is another way of writing (1), with T = Tq, and 
the second one is a conseqnence of the obvions injection ^ Us/U s,To-) These 
exact seqnences combined with (45), Lemma 4.2.4 (2) and §1.4(e), imply that 


1 — a ‘^'^0 
1 — a~^ 


1 — {qa ^)'^«T 
1 — qa~^ 


■ detz4G](l “ F^,i 


Hi (W, Z^)) G Fittz4G](^s,To ® Zi). 


(46) 

And finally, in order to pass from Tq to T, let ns consider the following exact 
seqnences of Z [G]-modnles 


0 -^ Fq.{w)^)/{Us,T\To/Us,T) - ^ As,T -^ H5 ^To—^ 0, 

weiT\To)K 


( ^ Fq,..(M;)^)—>( ^ Fq,^{w)^)/{Us,T\To/Us,T) ^ 0. 

we(T\To)K weiT\To)K 

These exact seqnences, combined with (46), Lemma 4.2.4 (1) and §1.4(e), imply 

. n 1 - 

1 — a ^^0 

^ ^ -detz.[G](l Hi {X, Zi)) e Fittzi[G](^s,r ®Zi). 

(47) 
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Let US denote by C. the left hand-side of (47). Lemma 4.2.1, with s = 0 (and 
therefore u = 1), implies that 


©s,t(0) 


l—a '^0 


Q(i)- 


1 — 


■A 


if £^P, 
if £ = p. 


(48) 


Since = dy/r^ and <5(1) G Zp [G], (47) together with (48) show that 


0s,t(O) e Fittz4G](A5,T ® Z^), 

for every prime number i. This, as we remarked earlier, concludes the proof of 
Proposition 4.2.2 (1). 

(2) Let £ be a prime number as in Proposition 4.2.2 (2). Let us hrst notice that, 
if gcd(£, ( 7 ) = 1, then (2) is a direct consequence of (1). Indeed, in this situation 

Zr [G] = ^ Z^[G]q 5,= ^ Up, 

y€G(Q«) V'€G(Q^,0) 

which, together with Fittz^c] (^s,t ® Z^) = ©^Fitt^,^ (^ 5 ,t ® G^), imply that 

Fittz 4 G](^s,T ® Z^) ■ Zi [G]q ^_5 = Fittz 4 G](^s,T ® Z^) n Z^ . 

Let us then suppose that £\g and gcd(£, dw^) = 1. With notations as in the proof 
of ( 1 ), this implies that 

coker('05) © Z^ = 0. (49) 

The exact sequence (43) and Lemma 4.2.5 imply that (45) can be rewritten as 

detz 4 G](l ~ F*,i \ Hi {X, Zi)) G Fittz^[G](Hs © Z^), 

which shows that in (45-47) above, the factor is not needed anymore. (47) 

and (48) therefore imply that 


0s,t(O) G ^ ■ Fittz^[G](Hs,T ® Z^). (50) 

On the other hand, G Z [G]q g. Indeed, if X ^ G^(C) \ G(C, 0), then x 7 ^ 1g 

and xi^v) = 1 (see (3) and take into account that [S'! = 1.) This implies that 
x( ~ O 5 which proves our assertion. This fact together with (50) imply 

Proposition 4.2.2 (2). □ 

Our next goal is the proof of the following: 
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Proposition 4.2.6. Let £ be a prime number, such that £ \ g, and £ \ d^, for every 
w G Sk- Then 

0s,t(O) G Fittz4G](A5^j’ (g) Zi) ■ Zi [G]o,5 ■ 

An argument similar to the one given at the begining of the proof of Proposition 
4.2.2 shows that it is enough to prove this statement in the case lAI = 1. We 
therefore assume that S = {uq}, and £x wq G Sk- In what follows, denotes 
a completion of the algebraic closure of with respect to the £-adic valuation. 
W denotes a finite ring-extension of Z^, inside C^, containing the values of all 
X G G(C^). We will extend scalars to W and prove Proposition 4.2.6 inside W[G]. 

Let £'^ be the exact power of £ dividing g = |G|. Let L be the £-Sylow subgroup 
of G. There is a decomposition G = A x L, where A is the maximal subgroup of 
G, satisfying gcd(£, |A|) = 1. Let Kl and ATa be the maximal subhelds of K hxed 
by L and A respectively. Let L = G{K^/k) and A = G{KL/k). Restriction maps 
give isomorphisms A —^ A and L — L. 

Remark 1. Due to d^^ = dy/gcd{dy, g), the fact that £ \ dy,^ implies that £'^ \ dy, 
and therefore v splits completely in ATa (see §4.1). This implies that ay G A. 
Let ns consider the decomposition G(C^) = A(C^) x A(C^) and let Xi ^ ^md A 
denote generic elements of G(C^), A(C^) and A(C^) respectively. We can therefore 
conclude that a character x = '^) belongs to G(C^,0) if and only if 5{ay) ^ 1, 

or X = 1 g (he. h = 1 a and A = l^) (see (3)). 

Since gcd(£, |A|) = 1, we can decompose the group ring W [G] into its 5- 
components: 

© 5 

ieA(c^) 

W[G] = W[A][L] -AA 0 W 5 [L], 

where W 5 = W and h( X] acr,rcrr) = X] ( X] acr,r5(cT)) -r, for every 5 G A(C^). 

fj^A,T^Z/ t6Z/ ct^A 

According to Remark 1 above, this induces an isomorphism 

0 ITilL] ) ©ITi^.iVi, 

where = 'Yh thus have a W [G]-isomorphism 

aeL 

^ [^]o,5 ■ FiItiy[G](A5,T (g) W) 


This implies that, in order to prove 

0s,t(O) G W [G]q^^ ■ Fittp7[G](A5,T (g) IF), 


0 FitV,[L](As,T©VF)M0 
Y(5(o-„)^l J 

^Fittw[L]{As,T(^W)^-NL. 



ON A REFINED STARK CONJECTURE FOR FUNCTION FIELDS 


35 


it is necessary and snfRcient to show the following: 

(i) If S(a^) = 1, h 7 ^ 1a, then h(0s,T(O)) = 0. 

(ii) If d(a^) 7 ^ 1, then 5(0 s,t(O)) G FittvK^[L](^5,T ® W)^. 

(hi) 1a(0s,t(O)) G Fitti4/[i;,](A5^T ® IF)'^ ■ Nl. 

Assertions (i) and (ii) above are direct conseqnences of Proposition 4.2.2 (1), 
after extending scalars to IF. Therefore, in order to prove Proposition 4.2.6, one 
has to prove (iii) above. 

Proof of Prop. 4.2.6. In the following argnments, if F is an intermediate held 
of K/k, then Af^s,t denotes its (S', T)-ideal class gronp, as dehned in §1.1. 

The fact that 0s,t('S) G IF [G]q combined with the class-nnmber formnla (2), 
implies that 

iA(es,T(0)) = a,s,T(0). . iVi. 

Via the isomorphism IF[L] AV. IF[L], we can therefore say that, inside IF[L], 

iA(es,T(o)) = (51) 

where = X) The fact that gcd(f, |A|) = 1, combined with a standard 

o-eL 

class-held theoretical argnment based on the class-held interpretation of the gronps 
Af,s,t (see §1.1), implies that we have an isomorphism of IF[L]-modnles 

{As,t ® IF)^ —> ® IF. 

This obvionsly implies that 

® IF)"^ = Fitty^^^{AK^,s,T ® IF). (52) 

Eqnalities (51) and (52) above show that (iii) wonld be a conseqnence (after ex¬ 
tending scalars to IF) of the following 

Lemma 4.2.7. With notations as above, 

^ G Fitt2[7 ;](AKA,S,t) ■ Nj^. 

Proof of Lemma 4.2.7. Let ns consider the exact seqnence 

0 —^ ^ Z[L] -^Z —^ 0, 

where s{'^ ■ a) = X) every ^ ■ a E Z[L], and = ker(s). 

(tEL (jEL (jEL 
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Obviously , and therefore the statement in Lemma 4.2.7 is 

equivalent to 

^ e s(Fitt2[7;](AKA,S,T))- 

On the other hand, properties (b) and (f), §1.4 imply that 
'5(Fittz[i;]("4^i'A,S,T)) = Fittz(AKA,5,T/-%^AA,S,T) = I^Ka,5,t/-%^Aa,S,t| ' Z. 
The statement in Lemma 4.2.7 is therefore equivalent to 


|^AA,S,T/-%^AA,S,'j 


I^A 


The next lemma shows that something even stronger holds true. 
Lemma 4.2.8. With notations as above, 


\Ak^,s,t/Il^k^,s,t 


Ak,S,T 

\L\ 


Proof of Lemma 4.2.8. Let K^^s,t and ks,T be the {S, T)-ray class-helds of 
TLa and k respectively. We remind the reader that these are the maximal abelian 
extensions of Xa and k respectively, which are tamely ramihed at primes above T 
and unramihed outside T, and in which all primes in S split completely (see class- 
held theoretical interpretation of As^t ia §1-1). The corresponding Artin reciprocity 
maps give the following group isomorphisms: 

Ak^,s,t —^ G{Ka,s,t/Ka) (53) 


Ak,s,T —^ G{ks,T/k). (54) 

The maximality of Ka,s,t, the fact that vq splits completely in Ka (see Remark 
1 ), and that Aa/Zc is everywhere unramihed, imply that Ka ^ ^ Ka,s,t and 

that KA,s,T/k is Galois. Let Q = G{KA,s,T/k). We have an exact sequence of 
groups 

1 G(Aa,s,t/Aa) -^g (55) 

Since G{Ka,s,t/Ka) is abelian, L acts on it by (lift and) conjugation and this way 
(53) becomes an isomorphism of Z[L]-modules. 

Let [g, g] denote the group theoretical commutator of g. The maximality of 
ks,T implies that 

[Q,Q] = G{KA,s,T/ks,T)- (56) 

An easy group theoretical argument, based on the exact sequence (55) and on the 
fact that L is cyclic, shows that [G,G] is generated by elements of the form 7 '^“^, 
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with 7 G G{Ka,s,t/Ka) and a E L. On the other hand, the ideal is generated 
over Z by elements of the form a — 1. This observation and (56) imply that, nnder 
the Artin isomorphism (53), we have 




G{KA,S,T/ks,T)- 


We therefore have the eqnalities 




\GiKA,s,T/KA)\ \Giks^/k)\ 

\G{KA,s,T/ks,T)\ \L\ \L\ 


This conclndes the proof of Lemma 4.2.8, Lemma 4.2.7 and Proposition 4.2.6. □ 


Theorem 4.2.9. Let K/k he a finite constant field extension of function fields, 
and let us suppose that the set of data {K/k, S,T,0) satisfies hypotheses (H). Then 

0S,t(O) G Fittz[Gr](A5^T) ' Z . 

Proof. This statement is obvionsly eqnivalent to 

0s,t(O) G Fittz4G](A5,T ® Z^) ■ [Gjg ^ , Vf prime, 
which follows from Propositions 4.2.2(2) and 4.2.6 above. □ 

4.3. ARBITRARY r 


Theorem 4.3.1. Let K/k he a finite constant field extension of function fields, 
and let us suppose that the set of data {K/k, S,T,r) satisfies hypotheses (H). Then 
there exists a unique element 

£s,t G Z ■ (A Lfs,T), 
such that 0s,t(O) = Rw{^s,t)- 

Proof. Let {vi, ■ ■ ■ ,Vr} be the distingnished set of r distinct primes in S, which 
split completely in K/k. Let Sq = S \ {ni, ■ ■ ■ , Vr}. The set of data {K/k, So, T, 0) 
satishes hypotheses (H) as well. Theorem 4.2.9 therefore implies that 

0So,t(O) G Fittz[G](^So,T) ■ Z [G]o . 

The statement in Theorem 4.3.1 is now a direct conseqnence of the relation above, 
and Corollary 2.2 (2), with S' = S and S = Sq. □ 

Remark. The inclnsion 

^ Us,t) Y As,T: 

shows that Theorem 4.2.9 settles Conjectnre B, for arbitrary r, nnder the assnmp- 
tion that K/k is a constant held extension. The inclnsion above is strict in most 
cases, and therefore Theorem 4.2.9 provides a rehnement of Conjectnre B, nnder 
the present assnmptions. 
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Appendix 

The goal of this appendix is the proof of Theorem 1.7.4.1. With notations as in 
§1.7, let ns recall that, for any prime nnmber £, and any i = 0, 1, 2, 

PiA^) detq^fG] (1 - ■ u\B.i {X, Q^)) , 

where (A, Q^) is the Wth £-adic homology gronp with coefficients in Q^, dehned 
in §1.7. The statement we wonld like to prove is the following: 

Theorem. For any f = 0, 1, 2 .• 

(1) Pi,pA) ^ Zp [l/g] [G] [u], and if i ^ p, then Pi^i G Z [1/g] [G] [u]. 

(2) If I ^ p, then Pi/{u) does not depend on £. 

Let Pi{u) PiAA) foT^ ^ P- Then: 

(3) There exist polynomials Qi{u) G Zp W/g] [G] [n] such that 

Pi{u) = Pi,pA) ■ QiA)- 

(4) If K/k is a constant field extension, then Qi{u) G Zp [G] [n.]. 

Before proceeding to the proof of the Theorem above, we need to su mm arize a 
few considerations made in [17], Chpt.V, on the Stickelberger fnnction 0(s). 

Let |Yi| be the set of closed points of the F^-scheme Yi. These are in one-to-one 
correspondence with the primes v of the base held k. For every v G |Yi|, let 1^ be 
its innertia gronp in G, let oL G Gvjlv be its Frobenins class, and let 

= in Y z [1/9] |G]. 

P'y .— 
tEo-v 

Then, if n, = q~^, we have the following eqnality 

0(rr)= n el + rrZ[l/( 7 ][G][M], (a.l) 

^elYil 

valid for Iwl < q~^ (which corresponds to Re(s) > 1). 

Remark 1. Let ns observe that, if iF//c is a constant held extension, then \Iy\ = 1, 
and therefore Fy E 7i [G], for every v G |Yi|. Eqnality (a.l) therefore shows that, 
nnder the present hypothesis. 


0(w) G Z [G] [[n]]. (a.2) 

For every v G iTil, let be the hnite set of closed points of the F-scheme 
X above v, and let Hq {Xy, Q) be the Q-vector space generated by A„, with the 
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obvious G-action and g-power geometric Frobenius morphism action F*. Lemma 
2.1 in [17], Chpt.V, shows that 

1 - = detQ[G] (1 - F, ■ u \Ho {X,, Q)) , Vn G iFil . 

If we combine these equalities with (a.l), we obtain 

©(“) = n detQ[G] (1 - F* ■ nl Ho Q)) . (a.3) 

^e|Vi| 

We are now prepared to prove (1) and (2) in the Theorem above. 

Proof of (1). Since H^ {X, Zp) is a free Zp-module, 

H, (W, Zp [1/g]) = H, (W, Zp) ® Zp [1/g] 

is a projective Zp [1/g] [G]-module (see Remark 1, §1.3), and therefore 

Pi,p{u) = detzp[i/g][G] (1 - F^p\ Ri {X, Zp [1/^])) G Zp [1/g] [G] [u] . 

Let f 7 ^ p be a prime number. Since Ho (W, Z[l/g]) is Z[l/g] [G]-projective and 
Ho(W,Q,) = Ho(W,Z[1/(7]) 0 Q, , we have the equality 

z[i/g] 

Po,i{u) = detz[i/g][G] (1 - F*,o ■ u\ Ho (W, Z [1/g])) . (a.4) 

This obviously implies that Foy G Z[l/g] [G] [nj. 

The [G]-isomorphism H 2 {X, Q^) GG. Hq (W, Q^), carying the action of F* 2 

into the action of qP^fi (see §1.7.3), gives the equality 

P2A'^) = detQ,[G] (1 - qF*,o ■ u \Ho {X, Q^)) , (a.5) 

which, according to the remarks above, implies that 

P 2 ,eA) = detz[i/g][G] (1 - qF*,o ■ u \Ho (W, Z [1/g])) . (a. 6 ) 

The last equality obviously shows that P 2 ,i{u) G Z[l/g] [G] [nj. 

Theorem 1.7.4.2 shows that 

PlAA = ■ Po,£(u) ■ P 2 ,£(u) (a.7) 

and since 0(u) G Z [1/g] [G] [[n]] (see (a.l)), we obviously have Pi/ G Z [1/g] [G] [n] 
as well. □ 

Proof of (2). Equalities (a.4) and (a. 6 ) obviously show that Pq/{u) and Pi/{u) do 
not depend on f, f 7 ^ p. Equality (a.7) therefore shows that Pi/{u) is independent 
of ff 7 ^ p, as well. □ 
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Before proceeding to the proof of statements (3) and (4) in the Theorem above, 
we will need to make a few considerations on the p-adic etale and the crystalline 
cohomology gronps of X. 

Let 7-f (X) = 0 l-C [X) he either the £-adic etale cohomology of X with 

j=0,l,2 

coefficients in C^, 0 C^), i ^ p, or the crystalline cohomology of X 

i=0,l,2 

with coefficients in Cp, 0 (X, Cp). Here denotes the completion of 

j=0,l,2 

the algebraic closnre of with respect to the extension of the normalized £-adic 
valnation, for any prime nnmber i. The dehnition of H* (X, Ci) is 

(X, Q) = ff (X, Z,)(g)Q, 

where H* {X, Z^) = {X, Z^)* (fnnctorial dnal), for all f = 0, 1, 2, and every £ ^ p 

(see [10]). 

Let W (F) be the Witt vector ring of F. Then 

(X, Cp) =' (XjW (F)) 0 Cp , 

m(F) 

where [XjW (F)) are hnitely generated W (F)-modnles, fnnctorial in the pair 
X/¥. For a precise dehnition of the modnles [XjW (F)) the reader can consnlt 
[1] and [2], We will not need it for the present considerations. 

In what follows IK will denote either Cp or C^, (£ 7 ^ p), depending on which coho¬ 
mology theory is being nsed. The correspondences X —^ 7Y* (W) are contravariant 
fnnctors from the category of smooth, projective F-schemes, to the category of 
K-vector spaces. For every morphism of F-schemes / : X — X', we will denote 
by f* the K-linear maps 

W {X') W (X) , 

indnced by / at the level of cohomology. In particnlar, every a E G indnces an 
isomorphism of F-schemes ax '■ X — X, and therefore isomorphisms of IK-vector 
spaces 

: W (X) —> W (X) . 

We can dehne an action of G on H (X) by setting 

a ■ h=^ {a*xy^ (h), 

for all a G G and h G H{X). This way the etale cohomology gronps H* (W, C^) 
are dnal as Galois modules to the homology groups Hi(W, C^) dehned in §1.7.4. In 
particular, for any character y G G(C^) we have C^-linear isomorphisms 

ff (X, Cey ^ H,(W, , (a.8) 

carrying the action F* of the g-power geometric Frobenius morphism on the left 
hand-side into its action F* ^ on the right hand-side. 
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Let P^{u) = det]K [l — F* ■ u\ W (X)). Theorem 1 in [8] shows that the polyno¬ 
mials P^{u) do not depend on the cohomology theory (^), and therefore we can 
make the notation P'^{u) = P^{u), for alH = 0, 1, 2. The polynomials P^{u) have 
coefficients in Z and their reciprocal roots {ctij} are algebraic integers, satisfying 
the relations 

\ctij\ = : (a-9) 

for all t = 0, 1, 2, and all j = 1,..., dimK?-f* (X) (see [8]). Relation (a.9) is the 
dimension 1 case of Riemann’s Hypothesis, proved by Deligne for smooth, projective 
Fg-varieties of any dimension. 

Let Pif{u) = detK {l-F* -ulW for all t - 0, 1, 2, and y e G(K). We 

obvionsly have the relations 

F(m)= n (a-lO) 

X€G(IK) 

for every f = 0, 1, 2, and every cohomology theory Ti (W) in onr list. 

Remark 2. Relations (a.9) and (a.lO) imply that for a given cohomology theory 
7i (X) and a given y G (j(IK), the polynomials P^{u) have mntnally disjoint sets 
of roots, for distinct valnes of i. 

Onr next goal is to prove the following: 

Proposition A.l. The polynomials P^{u) do not depend on the cohomology the¬ 
ory H{X). 

Before proceeding to proving the statement above, we need an elementary lemma 
and a few remarks. 

Lemma A. 2. If V is a finitely generated Q [G]-module, and f G Endqjc] {V), 
then 

(1) Wq[g] {f;V) = 1/g E Ttq (a-V; P) ■ a. 

(jEG 

(2) Wk(/; {V®K)^) = l/g E Tr^ (a" V ; ® K) ■ x(a),/or a//x G G(K). 

aeG 

Proof. See [17], Chpt. V, Lemme 2.6. □ 

In what follows we will freely nse the mntnally inverse isomorphisms 

log 

1 + wQ [G] [[-uj] ^ uQ [G] [[wj], 

exp 


and also the identity 

log detQ[G] {1 - f - ulV) = ir ; y) ■ , (a.ll) 

n>l 

for any V and / as in Lemma A.2 (see [17], Chpt.V). 
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Any cohomology theory 7i(X) in the list above satishes the following form of 
the Lefschetz hxed point formula : 

Theorem A.3. Let f : X —X be a morphism of F-schemes, with isolated, 
multiplicity 1 fixed points. Let A{f,X) be the number of fixed points of f. Then 

A{f,x)= Y, ■n-K (/•; w* W) . 

i=0,l,2 

For a proof of the theorem above in the case of etale cohomology, the reader can 
consult [10]. The case of crystalline cohomology is treated in [1] and [2], We now 
recall the dehnition of a hxed point of multiplicity 1 (see [7], Appendix C). 

Definition A. 4. A closed point x E X, fixed by /, has multiplicity 1 if the map 


O 


X,x 






induced by / at the level of the x-germ Llx,x of the sheaf of differentials Ox of X, 
is injective. 

We are now prepared to prove Proposition A.l. 

Proof of Proposition A.l. (Compare [17], Chpt.V, Thm.2.5) According to (a.3) 
and (a. 11), we have 

log0('u) = ^ logdetQ[G] (1-F* ■'u|Ho(W^,,Q)) = 

^elYil 

= TrQ[G] {F: ; Ho (W„ Q)) ■ u^/n . 

v,n 

Lemma A.2 (1) shows that 


Wq[g] (F: ; Ho (W„ Q)) = l^Trq ; Ho (W„, Q)) . 

But since acts on Ho {Xy, Q) by simply permuting the points of Xy, we also 

have the relation 


Trq ; Ho (W., Q)) = A ; Xy) , 

where the left hand-side in the last equality represents the number of fixed points 
of This implies that 

log ©(w) = l/g'^ A {(^x^F^ ■ Xy) ■ a ■ /n , 

V,71,(7 
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and since X = ]J we obtain 

^'€|Yi| 


log 0(ii) = l/i7 A ; X) ■ a ■ u^/n , 

n,(j 

where A ; X) is the nnmber of hxed points of the F-scheme morphism 

: X —^ X, for all n > 1. 

Let a; G X be a point hxed by for some n > 1. One can easily show that 

X is isolated (dimX = 1), and that it has mnltiplicity 1, in the sense of Dehnition 
A.4. We are therefore entitled to nse Theorem A.3 in order to compnte the nnmbers 
A ; W), for all n > 1. We thns have 

\ogQ{u) = 1/(7 5^(-l)^TrK (K'F-)* ; W (W)) ■ a ■ u^/n 

n^cr^i 

= l/g (-l)'TrK (ctF*" ; W (X)) ■ a ■ u^/n . 

n^cr^i 

This implies that, for any y G G(IK), we have 

iogi(u, x) = iog(x“'e(M)) = X"’ (loge(M)) = 

= 1/9 E p-'F*" ; W (^)) ■ x(ff)«’V" ■ 


Let ns now combine the last eqnality with (a.ll) and with Lemma A.2 (2), for 
V = W (A) and / = F*^. We obtain 


log L(m. x) = 5^(-l)-TrK (F™ ; W (Xf) ■ u"/n = 

n,i 

= 5^(-l)*+' logdetK {l-F*-u-W (A)^) 
H detK {1-F*-U-,W (A)^) 


= log 


= log 


nw(“ 


,(-i) 


i+i 


And now, by taking exp of both sides of the last eqnality, we obtain: 


A('u, x) = YlPn^{u. 


i(-b 


i+i 


for all X and H (A) as above. This shows that the prodnct Y\.F]^{u)^ ^ does 

i 

not depend on the cohomology theory Ti (A). Remark 2 therefore shows that the 
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individual polynomials P]^{u) do not depend on Ti (X), which concludes the proof 
of Proposition A. 1. □ 

Let us make the notation = P^^{u), for all f = 0, 1, 2, y G G, and some 

cohomology theory T-[{X) in our list. The isomorphism (a.8) shows that, for all 
prime numbers £ ^ p, we have 

P^’^iu) = detc, (l - F.,^ ■ u\ H, (X, . 


Thus, for all i and x as above, we have 

P.(M)=5;P‘’X(«)-ex- = 

X 

= 5^ deto„ (1 - F* ■ Ml (X, C,,)*) 

X 


(a.l2) 


Let L be a local held of characteristic 0, let be a hnitely generated L [G]- 
module and let / G End^^jG] (E). We have a (unique up to an L [/]-isomorphism) 
splitting of E as a hnite direct sum of L [G]-submodules 


r = 0il/l'M,, (a.l3) 

jeJ 

where L[f] ■ Vj are cyclic L[/]-modules, isomorphic to L[u\/{qj{u)), with qj{u) 
powers of irreducible polynomials, satisfying det {u — f\V) = Hjej ■ We will 
denote by Jq the subset of J consisting of those indices j such that the roots of 
qj{u) in an algebraic closure L of L have valuation 0. Let 


ro=0£[/]'Mj. n = 0£[/].M,-. 

jeJo j^Jo 


Since / is G-invariant, we have a direct sum decomposition of L [G]-modules 
V = Vb © Vi, thus the following divisibility holds in L [G] [n.]: 

detL[G] (1 - / ■ ^o) I detifG] (1 - / ■ -u] E). (a.l4) 

We will apply the general remarks above to a situation involving the etale and 
crystalline cohomology groups of X, described in [3], §3, and which we briehy now 
summarize. Let L be the quotient held of the Witt vector ring W (F) and let 

HX (x.L)'S'hP.(X/W'(F)) 0 L, 

W(F) 

be the crystalline cohomology group of X with coefficients in L. 
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Let (X, Qp) be the etale cohomology groups of X with coefficients in Qp, 
defined by W (X, Qp) = (X, Qp)* (functorial dual). Let 

ff (X, Cp)=W (X,Qp)(g)Cp. 

Qp 

As in the case i ^ p explained in detail above, we have Cp-linear isomorphisms 

(VCp)^^H,(VCp)^'\ VxeG, 

preserving the action of the g-power geometric Frobenius morphism, thus 


= X] detCp (1 - ■ u\ Hi (X, Cp)^) ■ 

X 

= ^ detc, (1 - F* ■ u\ (X, Cp)"") ■ e^-i , Vi = 0,1, 2. 

X 


(a.l5) 


There is an exact sequence of Qp [G]-modules (see [3], Th. 3.2) 


0-► H‘ (X, QJ —U H-,„ (X, L) AA (X, L) -► 0 . 

where cf) is the map induced at the cohomology level by the p-power geometric 
Frobenius morphism of X (viewed as an Fp-scheme), and the injective morphism 
j : (X, Qp) —(X, L) preserves the action of F* on both sides (see [3], 

Lemma 3.3). 

Let (X, L) = (X, L)q 0 (X, L)^ be the decomposition described 

above for V = (X, L) and f = F*. Then the proof of Lemma 3.3 in [3] shows 

that and are (/)-stable, j (H* (X, Qp)) C JX, L)^ , 

and via j we have an equality of L [G]-modules 

HX, (X, L)„ = W (X, Q,) 0 L. 

Qp 

Obviously this last equality can be written as 

H',„ (X, L)o = ff (X, Qp) 0 i [G] . 

Qp[G] 


This shows that 


detQ^[G] (1 - F* ■ u\ W (X, Qp)) = deti[G] (l - F* ■ u\ (V L),) , 
which, according to (a.l4), implies that, inside Cp [G] [n], we have 

detcpiG, (1 - F* . „| H‘ (X, Cp)) I detc.iGl (l - F* ■ „| H)* (X, Cp)) . 
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If we break the last divisibility into x-components, we obtain the following divisi¬ 
bilities in Cp[u]: 

deto, (1 - F- . u\ H- {X, Cj,)^) I deto, (l - F* ■ m| H",,. (X, Cj,)*) . Vx e G. 

According to (a. 12) and (a. 15), these relations imply that there exist polynomials 
Qiiu) G Cp [G] [w] snch that 


Piiu) = Qiiu) ■ Pi^p{u), Vi = 0,1,2. 

In order to prove statements (3) and (4) in onr theorem, we will jnst need to show 
that Qi{u) G Zp [1/g] [G] [-u] and that, in the case when K/k is a constant held 
extension, Qi{u) G Zp [G] [n.]. These statements will easily follow from the next 
elementary lemma. 

Lemma A.5. Let S C R be two commutative rings with 1. Let u be a variable 
and let f(u) G 5'['u], g{u) G S[u] and h(u) G R[u], such that g{0) = 1, and f{u) = 
g{u) ■ h{u). Then h{u) G S[u] as well. 

Proof. Let f{u) = fiu\ 9iu\ and h{u) = Y. hiu\ with fi, gi G S, 

i>0 i>0 i>0 

hi G R and go = 1- The hypotheses of onr lemma imply that ho = fo and 
fi = giho -|- hi- Since fo, fi, gi G S, these eqnalities imply that ho, hi G S. 
Let ns snpose that ho,hi,... ,hs G S', for 0 < s < deg (h) — 1. We have a relation 

fs+i = hg+i + {hsgi + hs-ig2 + • ■ ■) ? 

which shows that 

hs+i = fs+i — {hsgi + hs-ig2 + ...). 

The indnction hypothesis now shows that hg+i G S. □ 

We are now ready to conclnde the proof of Theorem 1.7.4.1 (3) and (4). 

Proof of (3). According to (1) and (2) in onr Theorem, the desired statement 
follows from Lemma A.5 applied to f{u) = Pi{u), g(u) = Pi^p{u), h(u) = Qi{u), 
S = Zp [1/g] [G] [u] and R = Cp [G] [w]. □ 

Proof of (4). Let K/k be a hnite, constant held extension of fnnction helds. 
Remark 1 above shows that 


Q{u) G Z [G] [M]. 


The proof of Lemma 4.2.1 shows that 

Po{u) = 1 — a~^u G Z [G] [m] , P 2 {u) = 1 — qa~^u G Z [G] [w] , 


(a.l6) 
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where a is the distinguished generator of G described in §4.1. According to (a.7) 
and (a. 16), we therefore have 

Pi{u) eZ[G][u], Vi = 0,1,2. (a.l7) 

Since the [X, Zp)’s are free Zp [Gj-modules in the constant held extension case 
(see Lemma 4.1.1), we also have 

= detzp[G] (1 - F* ■ u\ Hi (X, Zp)) G Zp [G] [u] , Vi = 0,1, 2 . (a.l8) 

According to (a.l7) and (a.l8), statement (4) in our Theorem follows from 
Lemma A.5 applied to f{u) = Pi{u), g{u) = Pi^p{u), h{u) = Qi{u), S = Zp [G] [w] 
and F = Cp[G]M. □ 

References 

1. Berthelot, P., Cohomologie cristalline des schemas de characteristique p > 0, Lecture Notes 
in Math. 407 , Springer Verlag, Berlin Heidelberg New York, 1974. 

2. Berthelot, P., Ogus, A., Notes on crystalline cohomology, Math. Notes 21 , Princeton Univer¬ 
sity Press, Princeton, NJ, 1978. 

3. Crew, R., Geometric Iwasawa theory and a conjecture of Katz, Canadian Math. Soc. Conf. 
Proceedings 7 (1987), 37-53. 

4. Gross, B., On the values of abelian L-functions at s = 0, J. Fac. Sci. Univ. Tokyo 59 (1988), 
177-197. 

5. Hayes, D.R., Explicit class field theory in global function fields. Studies in Algebra and Number 
Theory, Academic Press, New York, 1979, pp. 173-217. 

6. Hayes, D.R., Stickelberger elements in function fields. Comp. Math. 55 (1985), 209-239. 

7. Hartshorne, R., Algebraic Geometry, Springer Verlag, Berlin Heidelberg New York, 1977. 

8. Katz, N.M. and Messing, W., Some consequences of the Riemann hypothesis for varieties 
over finite fields, Inv. Math. 23 (1974), 73-77. 

9. Mazur, B. and Wiles, A., Glass fields of abelian extensions ofQ., Invent. Math. 76 (1984), 
179-330. 

10. Milne, J., Etale Cohomology, Princeton Math. Series 33, Princeton University Press, 1980. 

11. Moreno, C., Algebraic Curves over Finite Fields, Cambridge University Press, 1991. 

12. Popescu, C.D., On a Refined Stark Conjecture for Function Fields, Ph.D. Thesis, Ohio State 
University, 1996. 

13. Popescu, C.D., Gras-type Conjectures for function fields, (to be published). 

14. Rubin, K., A Stark conjecture “over Z” for abelian L-functions with multiple zeros, Ann. 
Inst. Fourier 46 (1996). 

15. Stark, H., L-functions at s = 1, I, II, III, IV, Adv. in Math. 7 (1971), 301-343; 17 (1975), 
60-92; 22 (1976), 64-84; 35 (1980^ 197-235. 

16. Tate, J., On Stark’s conjecture on the behaviour of L(s,x) at s = 0, J. Fac. Sci. Univ. Tokyo 
28 (1982), 963-978. 

17. Tate, J., Les Conjectures de Stark sur les Fonctions L d’Artin en s = 0, Progr. in Math. 47 
(1984), Birkhaiiser, Boston Basel Stuttgart. 

Mathematical Sciences Research Institute, 1000 Centennial Drive, Berkeley, CA, 
94720-5070, USA 

E-mail address: : popescu@msri.org 



